The Normalization of Perturbative String Amplitudes: 
Weyl Covariance and Zeta Function Regularization 



Shyamoli Chaudhuri 1 

214 North Allegheny Street 
Bellefonte, PA 16823 



Abstract 



This is a self-contained pedagogical review of Polchinski's 1986 analysis from first principles 
of the Polyakov path integral based on Hawking's zeta function regularization technique for 
scale-invariant computations in two-dimensional quantum gravity, an approach that can be 
adapted to any of the perturbative string theories. In particular, we point out the physical 
significance of preserving both Weyl and global diffeomorphism invariance while taking the low 
energy field theory limit of scattering amplitudes in an open and closed string theory, giving 
a brief discussion of some physics applications. We review the path integral computation 
of the pointlike off-shell closed bosonic string propagator due to Cohen, Moore, Nelson, and 
Polchinski. The extension of their methodology to the case of the macroscopic loop propagator 
in an embedding flat spacetime geometry has been given by Chaudhuri, Chen, and Novak. We 
examine the macroscopic loop amplitude from the perspective of both the target spacetime 
massive type II supergravity theory, and the boundary state formalism of the worldsheet 
conformal field theory, clarifying the precise evidence it provides for a Dirichlet (-2)brane, an 
identification made by Chaudhuri. The appendices contain a comprehensive presentation of 
the covariant path integral technique for the one loop amplitudes of the supersymmetric, and 
unoriented, open and closed type I string theory, and in an external two-form background field 
of generic strength. 
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1 Introduction 



The bread-and-butter tool of high-energy theorists, whether in particle physics or cosmology, is 
effective quantum field theory: a spacetime Lagrangian holding at some given mass scale m e with, in 
general, non-renormalizable corrections accompanied by inverse powers of m s . Many computations 
in string theory also begin from the perspective of an effective field theory, namely, a ten-dimensional 
supergravity-Yang-Mills theory defined at the string scale, m s . An important distinction from 
generic effective field theories is that a detailed worldsheet prescription exists, at least in principle, 
for the computation of the nonrenormalizable terms in the string theory spacetime Lagrangian, 
and that it holds to all orders in m s . Note that, roughly speaking, it is conventional to identify 
m s = a'" 1 / 2 , where a' is the inverse closed string tension, with the ten-dimensional Planck scale, 
M P , as befitting a theory of quantum gravity. But it should be kept in mind that the effective 
four-dimensional string scale can be considerably lower in specific vacua of the theory, due to a 
dependence on either geometric moduli, or on the background fields and fluxes characterizing the 
spacetime geometry. This feature has become popular in recent phenomenological model building. 

In this paper, we wish to explore a key feature that distinguishes perturbative string theory 
from generic effective field theories. This distinction was already highlighted in Polchinski's f986 
observation [f] that the vacuum energy in string theory is unambiguously normalized, inclusive of 
numerical factors, in terms of just two parameters: the string scale, m s , and the dimensionless string 
coupling, or dilaton vev, g=e^°. Since this is quite unlike the expectation in generic effective quan- 
tum field theories, the significance of this observation should be clearly appreciated prior to serious 
investigation of low energy cosmo-particle physics in String/M Theory. We should also note that 
this result has crucial consequences for the thermodynamics of the canonical ensemble of perturba- 
tive strings [1, 38]. The vacuum energy of perturbative strings in a flat spacetime geometry is the 
most fundamental dimensionful quantity we would think to compute in string theory. But it should 
be emphasized that even when the vacuum energy receives additional, tree-level corrections from 
possible Dbranes, or from a background two-form field strength, as in many braneworld models of 
the type I and type II string theories, it is nonetheless true that such mass contributions are unam- 
biguously computible in terms of the single mass scale m s , plus a specified number of dimensionless 
parameters that include the string coupling, or dilaton vev. This second remarkable observation 
follows from Polchinski's 1995 worldsheet computation of the Dbrane tension in type I string theory 
[2]. In the next three sections, and in appendices A thru C, we will provide a pedagogical review of 
some relevant technical details and background that are helpful in understanding the derivation of 
these two key results. 

In section 5, we review an additional far-reaching insight, first noticed by us during the course 
of the work reported on in Ref. [36]. Our observation follows by adapting the arguments that led 
to the worldsheet computation of the Dbrane tension [2] to the opposite limit of the annulus graph, 
dominated by the lowest-lying open string modes in the worldvolume gauge theory. We will find that 
the remarkable normalizability property of the open string scattering amplitude survives in the low 
energy effective field theory limit: it is possible to determine all of the couplings in the worldvolume 
effective Lagrangian, inclusive of numerical factors, in terms of the single mass scale, m s , plus a 
finite number of dimensionless scalar field expectation values, or moduli. Our observation exploits 
an insufficiently exploited property of the type I and type I' open string theories, first noted by 
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us in [36]. Consider the one- loop scattering amplitudes. In order to extract the contribution from 
the lowest-lying open string modes dominating the short cylinder limit of some given scattering 
amplitude, there is no need to set the modulus of the annulus to some ad-hoc value, thereby 
explicitly breaking reparametrization invariance. Instead, we can first expose the asymptotics of 
the integrand by Taylor expansion, followed by explicit evaluation of the modular integral. The 
physical significance of having thus preserved all of the manifest symmetries of the worldsheet 
formalism, namely, exact Weyl and diffeomorphism invariance, is that we obtain an unambiguously 
normalized expression for each of the couplings in the worldvolume effective field theory (EFT). Each 
is derived directly from an unambiguously normalized perturbative string scattering amplitude [36]. 
This observation could have significant consequences for the derivation of perturbative gauge theory 
results from perturbative string scattering amplitude computations. 

Finally, in section 6, and in appendix D, we review the path integral computation of the point- 
like off-shell closed bosonic string propagator due to Cohen, Moore, Nelson, and Polchinski [9]. 
The extension of their methodology to the case of macroscopic boundary loops in an embedding 
flat spacetime geometry has been given by Chaudhuri, Chen, and Novak [35]. We explain this 
modification of the familiar one-loop string amplitude from the perspective of the boundary state 
formalism of the worldsheet conformal field theory, pointing out that it gives concrete worldsheet 
evidence for a Dirichlet (-2)brane boundary state in string theory. The consequences for the Dp- 
brane spectrum of String/M theory will be explored elsewhere. We should note that in the case of 
more complicated loop geometries, including the interesting possibility of corners [35], there exist a 
number of potential physics applications for macroscopic loop amplitudes both in cosmology, and in 
condensed matter physics. These relate to cosmic string production from the vacuum, cosmic string 
scattering, as well as the study of radiation from cusps and/or corners on a cosmic string. It would 
be remarkable to derive such phenomena directly from a fundamental, and fully renormalizable, 
quantum theory. 

This paper contains a topical review of pedagogical material which we feel is, regretfully, un- 
available in any of the standard string theory textbooks and reviews. It should be useful to both 
students, and to practitioners of effective field theory, who wish to better understand the full import 
of the worldsheet approach to string theory. It should also be helpful to string theorists unfamiliar 
with the strengths of the covariant path integral approach. We have tried to provide an equiva- 
lent discussion in the operator formalism whenever this is absent in the current literature, as in 
our discussion in section 6 of the D(-2)brane boundary state. More generally, a description of the 
operator formulation for the type IB and type I' string theories, and of boundary conformal field 
theory techniques, can be easily found in the standard sources in the literature. 

2 The Normalization of String Amplitudes 

Let us begin by reviewing the computation of the vacuum functional in quantum field theory. In 
order to enable a clearer comparison, we will work in the Feynman path integral formulation for a 
perturbative quantum field theory. The vacuum functional of quantum field theory is given by the 
sum over classical field configurations, with the natural requirement that the measure of the path 
integral preserve the continuous symmetries of the classical action. In the case of a non-abelian 
gauge theory coupled to a massless scalar field, for example, we define a gauge invariant measure, 
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factor out the volume of the gauge group by choosing a slice in field space that intersects each 
gauge orbit exactly once, and eliminate the overall infinity introduced by the choice of a redundant 
gauge-invariant measure by dividing by the volume of the gauge group: 

Z\AM = ^ T i[dA\m\e- SYM ^- s ^ = [ \dA]\d^}e- s[A]+s ^ s ^' A] , (1) 

Vol[gaugeJ J ./orbit 

Although this gives an elegant starting point for calculations in perturbative non-abelian gauge 
theory, the vacuum functional of the gauge theory is not normalizable because of an overall infinity 
introduced by the ultraviolet divergent vacuum energy density. Despite having removed the redun- 
dancy due to gauge invariance by implementing the Faddeev-Popov procedure, the right-hand-side 
of Eq. (1) only becomes well-defined when we introduce an appropriate ultraviolet regulator for the 
gauge theory. This property is exactly the same as in any other quantum field theory, whether renor- 
malizable, or not. Thus, in order to obtain physically meaningful results which hold independent 
of the choice of ultraviolet regulator, we restrict ourselves in quantum field theory to computing 
normalized correlation functions defined as follows: 

< 1 [A, $] • • • O n [A, $] >= -± - Vol[ ^ uge] J [dA][d*]Oi[A, $] • • • O n [A, $] e -s™M-*[»,4 . 

(2) 

The ambiguity introduced by the introduction of an ultraviolet regulator in both the numerator and 
denominator has been cancelled by taking the ratio. A suitable choice of regulator in this example 
would be dimensional regularization, which preserves the non-abelian gauge invariance. We assume 
the reader is well-acquainted with the remarkably successful computational scheme for perturbative 
Yang-Mills theory that follows from this prescription. However, as is well-known, the cosmological 
constant problem has not been addressed in this field theoretic analysis: the vacuum energy density 
is regulator-dependent, formally infinite, or at least of the same order as the overall mass scale of 
the quantum field theory. 

The path integral for two-dimensional quantum gravity coupled to d massless scalar fields, 
namely, the worldsheet action for rf-dimensional bosonic string theory, can be analysed exactly 
along these same lines [5, 1]. Two-dimensional quantum gravity is almost pure gauge, as one might 
expect from the fact that the Einstein action in two-dimensions is a topological invariant equal to 
the Euler number of the two-dimensional manifold: 

S[g] = f d 2 i^^R + 2 f dsk = Attxm = 4tt(2 - 2h - b - c) , (3) 

JM JdM 

where h, b, and c, are, respectively, the number of handles, boundaries, and cross-caps on the two- 
dimensional Riemannian manifold. R and k are, respectively, the Ricci scalar curvature, and the 
geodesic curvature on the boundary. However, as was shown by Polyakov in 1983 [5] by a careful 
analysis of the Faddeev-Popov functional determinant, in any sub-critical spacetime dimension, d 
< 26, the Weyl mode, 0, in the two-dimensional metric, g a b = e~^g ab , acquires non-trivial dynamics 
given by the Liouville field theory: 

Z[ g ,X] = — ^— ( [dg][dX]e- xs ^- s ^ = [ [#][rfX]e- A5 ^ + ( d - 26 )^M- 5 [ x ^ , (4) 

VOl[Dlfi J J Jorbit 

where A is an arbitrary constant that fixes the loop expansion parameter for two-dimensional quan- 
tum gravity: e~ XxM . In string theory, A will be determined by the dimensionless closed string 
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coupling, A=e _<1>0 . The notation Diffo denotes the group of connected diffeomorphisms of the world- 
sheet metric. Notice that the coefficient of the Liouville action vanishes in the critical spacetime 
dimension, d—26. Thus, in critical string theory, <fi drops out of the classical action, and we must 
divide by the volume of the Weyl group in order to eliminate the redundancy in the measure due 
to Weyl invariance: 2 

= /[<;T] XMe - As l''l/[<i.Y]e- s [«] S /[<iT] M , e - s [»](det'A)-«''- 2 >' 2 . (5) 

The path integral simplifies to an ordinary finite-dimensional integral over the moduli of the world- 
sheet metric, parameters that describe the shape and topology of the Riemannian manifold. The 
first-principles derivation of this result is reviewed in the appendix following [1, 10, 34]. A denotes 
the Laplacian acting on two-dimensional scalars on a Riemann surface with Euler number xm and 
moduli, r. The measure for moduli, [dr], can be unambiguously determined by the requirement 
of gauge invariance, as was shown in [1, 10, 34]. What remains is to obtain an expression for the 
functional determinant on the right-hand-side of the equation, in as explicit a form as is feasible. 
This requires specification of an ultraviolet regulator for the two-dimensional quantum field theory. 

The beauty of Weyl-invariant two-dimensional quantum gravity is that there is only one choice 
of ultraviolet regulator that preserves all of the gauge invariances of the theory, namely, both 
connected diffeomorphisms and Weyl transformations of the metric. That regularization scheme is 
zeta-function regularization [4], as was pointed out by Polchinski in [1], and it gives, therefore, an 
unambiguously normalized expression for both the vacuum functional of string theory, as well as, in 
principle, all of the loop correlation functions at arbitrary order in the perturbation expansion [36]. 
In practice, other than on worldsurfaces of vanishing Euler number which contribute to the one-loop 
amplitudes of string theory, the eigenspectrum of the scalar Laplacian is insufficiently well-known 
to enable explicit calculation of the functional determinant [10, 34]. But the fact remains that, 
unlike what happens in quantum field theory, there is no ambiguity in the normalization of generic 
loop correlation functions introduced by an arbitrariness in the choice of regulator. 

Let us recall the basic idea underlying the zeta function regularization of the functional deter- 
minant of a differential operator in a Euclidean quantum field theory [4] . Hawking begins by noting 
that the functional determinant of a second-order differential operator A on a generic A;-dimensional 
manifold M with a discrete eigenvalue spectrum, {A n }, and normalized eigenfunctions, {^n}, can 
be interpreted as the generalization of an ordinary Riemann zeta function. This generalized zeta 
function is, formally, given by the sum over the eigenvalues of A: 

A* n = A n * n , f ^ n ^ m V^9 = C n 5 mn , $ = £ «n^n, / [dQ] = J[ Hn(C n ) f dd n , (6) 

where \x is a normalization constant. In the generic case of higher-dimensional quantum gravity 
there is little need to belabour the issue of what determines the renormalization of /i, since summing 
over the eigenvalue spectrum will give a divergent result. This divergence needs to be regularized 



2 It should be emphasized that the path integral for two-dimensional Weyl-invariant quantum gravity computes 
the sum over connected vacuum graphs in string theory. We denote this quantity by the usual symbol W [1] . 
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[4]. Any such regularization will introduce a scheme-dependent ambiguity in the normalization. 
However, as we have emphasized above, this is not true in two-dimensional Weyl invariant quantum 
gravity. 

Following [4], we can write the functional determinant in Eq. (5) in terms of a generalized zeta 
function as follows. We begin with: 



J \\^ n da n e-\ x ^ = jj^-i^-i^ = [det^/i-^^A)]- 1 / 2 



(7) 



The infinite product can be rewritten as an infinite sum by taking the logarithm, giving a formal 
expression on the right-hand-side that takes the form of a generalized zeta function: 



-1/2 



i(27r)- 1 / 2 ^ / i n logA ri 



lim — 

s^O ds 



(8) 



In the case of free embedding scalars, /i„(C„) is independent of n, as was shown in [l]. 3 Thus, the 
normalization of the path integral for Weyl-invariant two-dimensional quantum gravity is uniquely 
determined by the form of the action, and by the gauge invariant measure for moduli. This was 
shown clearly in Polchinski's 1986 derivation of the measure for moduli in the one-loop bosonic 
string path integral [1], and in subsequent work on higher genus Riemann surfaces including those 
with boundaries and crosscaps in [10, 33, 34, 36]. The key point that remains is explicit evaluation 
of the formally divergent right-hand-side of this equation. Since the choice of worldsheet ultraviolet 
regulator is unique, /i is unambiguously renormalized, and the renormalization is, therefore, scheme- 
independent. The details of such computations are reviewed in Appendix C using the contour 
integral prescription given in [4, 1, 36]. 

Before leaving this general discussion, we should emphasize that, although the quickest route to 
computing string correlation functions employs conformal field theory techniques in the operator 
formalism and, quicker still, operator product expansions, these results are not unambiguously 
normalized. What is unambiguous in operator formalism computations is the ratio of two different 
correlation functions, and often, that information suffices to describe all of the interesting physics. 
This is precisely as in a generic quantum field theory: we have not exploited the full power of the 
worldsheet formalism. However, when we are interested in the numerical value of the vacuum energy 
density and the cosmological constant per se, the physics is in the string vacuum functional itself. 
We have no alternative but to compute it from first principles, if possible, using the path integral 
formalism. That such a calculation is viable in a full-fledged ten-dimensional string theory as a 
consequence of its relationship to two-dimensional quantum gravity, is nothing short of a miracle. 
This is the significance of Polchinski's first principles analysis of the Weyl-invariant Polyakov path 
integral for critical string theory. 4 As mentioned in the Introduction, the result for the vacuum 
functional derived in [1] is only the first step in deriving a number of remarkable properties of the 

3 More generally, the ortho-normality constants, C„, can depend on the background fields of string theory. The 
normalization, ^„(C„), turns out to be independent of n, as shown in [36], where the precise form of the background 
field dependence in an external two-form field has been derived. 

4 Many authors, including myself [34], are guilty of performing the apparent sacrilege of introducing a non-Weyl 
invariant worldsheet regulator into an analysis of the string theory path integral. In doing so, the gauge invariance 
of the two-dimensional quantum gravity has been explicitly broken. It should be emphasized, however, that for 
the purposes of many calculations, such as those of asymptotic bounds on the high energy string mass spectrum 
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canonical ensemble of perturbative strings, explored further in [38] . We should emphasize that this 
approach can be adapted to any of the supersymmetric string theories, as illustrated in detail for 
the interesting type I and type I' unoriented, open and closed string theories in appendices A thru 
C. 

A final comment on string theory correlation functions. In quantum field theory we calculate 
what are called normalized correlation functions by taking the ratio of an iV-point function divided 
by the vacuum functional, thus eliminating the ambiguity introduced by a choice of ultraviolet 
regulator as explained above. It should be emphasized that, besides the vacuum amplitude at 
arbitrary loop order, the generic loop correlation function in string theory is also unambiguously 
normalized without the need to take a ratio [36]. In section 4, we will see an indication of this in 
the worldsheet computation of the quantum of Dpbrane charge [2] . Since the quantum of Dpbrane 
charge ia obtained by simply taking the zero slope, or massless field theory, limit of the factorized 
one-loop graph of the type I' string theory in the background of a pair of Dpbranes, it is required to be 
unambiguously normalized [2]. Thus, Dbrane charge quantization simply follows as a consequence 
of the normalizability of the vacuum amplitude in string theory [1]. 

3 A Little Supergravity Background: Dpbrane Solitons 

It is helpful to begin our review of Polchinski's 1995 result for the quantum of Dpbrane charge 
[1, 18, 2] by sketching the relevant insights from both the worldsheet and the low-energy effective 
field-theory pictures that motivated this calculation. The relationship of the worldsheet computation 
of the normalized one-loop vacuum amplitude of type I string theory to the quantum of Dpbrane 
charge will be described in the next section. The low-energy effective field theory limit of the type 
II closed string theories is a ten-dimensional N=2 supergravity theory without Yang-Mills gauge 
fields. The massless supergravity Lagrangian can be extended by the inclusion of kinetic and Chern- 
Simons terms for antisymmetric tensor fields, F p+ 2, corresponding to gauge potentials, C p+ \ [16, 33], 
where p lies in the range, — 2 < p < 8. This covers the full range of field strength tensors in ten 
spacetime dimensions, namely, scalar to ten-form. Such a gauge potential can couple to an extended 
object with a p+1 dimensional worldvolume, or p-brane, and it is natural to ask whether the type 
II super gravities have classical solutions describing dilaton-gravitational-antisymmetric-tensor field 
configurations that have the geometry of a p-brane? The answer is yes, and a large variety of 
such gravitational solitons have been discovered over the years. The p-brane solitons of the type 
II theories can be distinguished by whether they carry charge for a Ramond-Ramond sector, or 
Neveu-Schwarz-Neveu-Schwarz sector, antisymmetric tensor field strength [19]: the kinetic term in 
the Lagrangian for the corresponding field strength differs in the powers of e _< ^ appearing in the 
pre-factor [21, 33]. 

The next key point to note is that one of the ten-dimensional supersymmetries is spontaneously 
broken by such a choice of vacuum in either the type IIA or type IIB theory. We now know that 

[10, 34], the results are independent of the choice of worldsheet regulator. This is not true of the computation 
of the normalization of the vacuum energy where the use of a gauge invariant regulator is crucial. Zeta-function 
rcgularization [4] provides the only correct answer. Note that in analyses where the worldsheet gauge invariance has 
been explicitly broken, the string theory path integral is primarily being invoked for its intuitive value rather than 
as a high-precision computational tool. 
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the corresponding ten-dimensional N=l supergravities are the low-energy limits of the type I' and 
type IB string theories [33], an identification originally made by Witten [21] by direct comparison 
of the ten-dimensional effective Lagrangians and spectrum of low-lying masses. This also identified 
such vacua as BPS states of the type II string theory. A further step was the recognition that the 
p-brane solitons of the type II string theories could be characterized by how their tension scales with 
the string coupling [21]: 1/g for R-R sector solitons vs 1/g 2 for NS-NS sector solitons. Shenker [28] 
made the important observation that R-R sector solitons would be responsible for e^ 1 ^ 9 corrections 
to the standard closed string perturbation expansion in powers of 1/g 2 . This is unlike the NS-NS 
solitons which give nonperturbative corrections of the form e" 1 / 9 , indistinguishable from those of 
an ordinary Yang-Mills gauge theory soliton. 

All of these observations about the low-energy field theory limit of string theory fall in place 
with Polchinski's insight that Dirichlet-branes [18], suitably supersymmetrized, are the carriers of 
R-R charge in the type II string theories: in a vacuum that breaks half of the supersymmetries and 
carries non-trivial R-R charge, the spectrum of a type IIA or IIB closed string theory is extended 
by an open string sector with Dirichlet boundary conditions imposed on the worldsheet fields [2]. 
The key point is that the closed string coupling scales as the square of the open string coupling, 
and while the perturbation expansion of a pure closed string theory closes on itself, it might allow 
extension by an open string sector. Exceptions are the closed heterotic string theories where the 
chiral worldsheet current algebra prevents such an extension. However, this obstruction did not 
exist for the type II string theories. 

The Dbrane vacua of the type II string theories could thus be said to represent the more generic 
class of type II vacua, having both an open and a closed string sector [30]. However, since only half 
of the supersymmetries of the type IIA or type IIB theories are preserved in such a vacuum, the 
Dbrane solutions could equivalently be viewed as the classical vacua of an N=l ten-dimensional 
open and closed string theory. This string theory is, respectively, either the type I' or type IB string 
theory. As is well-known, type IIA and type IIB were related by a T-duality transformation. This 
is also true for type I' and type IB. The advantage of the latter viewpoint is that questions which 
appeared obscure in the Ramond-Neveu-Schwarz (RNS) worldsheet formalism of the type II closed 
string theory, such as the prescription for Ramond-Ramond vertex operators or the computation of 
the Ramond-Ramond sector partition function, can now be straightforwardly answered in the RNS 
formalism of the corresponding open and closed string theories [33]. 

The spacetime geometry of the type II vacuum carrying pbrane charge is that of a p+1- 
dimensional hypersurface embedded in ten-dimensional spacetime [2]. It is well-known that a 
Hodge-star duality links a p-brane with a (d— 4— p)-brane in d dimensions, and that the corre- 
sponding charges must satisfy a Dirac quantization condition [16]. This is a simple consequence of 
applying quantum mechanics to extended objects. Such objects were independently discovered as 
the natural extension of the pointlike magnetic monopoles of 4d gauge theory, by Savit, Orland, and 
Nepomechie [16]. This early work on lattice field theories exploits the well-known correspondence 
between the phase structure of two-dimensional nonlinear sigma models and four-dimensional gauge 
theories, and was followed by a more classical presentation of higher pform gauge theories due to 
Teitelboim [16]. p-form generalized electric-magnetic duality generalizes the electric- magnetic du- 
ality of the abelian gauge field discovered by Dirac. We can think of the magnetic monopole as a 
nonperturbative configuration of the vector potential which couples to the electron, the fundamen- 
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tal charge carrier of the electromagnetic gauge field. Of course, a more careful analysis only finds 
monopoles as stable configurations in field theories of scalars coupled to Yang-Mills fields. It is the 
same for any pair of pbranes that satisfy a Poincare duality relation [33]: 

i/ p i/ d _4- p = 2im, n G Z , (9) 

where Vd-i- P is the quantized flux of the {p + 2)-form field strength. Such pbrane solitons are only 
found in d- dimensional field theories with both scalars and antisymmetric tensor fields of rank p+2, 
with d>p+2. In the case of the Dirichlet p-brane solitons of the type I-I' string, where we have a 
clear understanding of the low-energy effective field theory limit of an open and closed string theory, 
we can show that both gravity and Yang-Mills gauge fields exist in the worldvolume of the Dpbrane. 
This is because the worldvolume represents the hypersurface in ten-dimensional spacetime where 
open string end-points are permitted to lie, in addition to the closed strings which, of course, lie in 
all ten embedding spacetime dimensions. Thus, the scalar fields of the ten-dimensional field theory 
split into worldvolume scalars and bulk scalars, some of the latter representing the fluctuations 
of the Dpbrane in the ten-dimensional embedding spacetime. Thus, in the Dpbrane vacuum, the 
ten-dimensional Lagrangian obtained in the low-energy limit of the relevant type II string theory 
acquires a new term proportional to the Dpbrane worldvolume action. In the physically relevant 
Einstein frame metric, related to the string frame metric by a spacetime Weyl transformation: 
G^=e~ 4 */( d ~ 2 )G^" ng , the worldvolume action takes the simple form [18, 2, 33]: 

S p = r p J d p+1 Xe( p - 3 )*/y-det (G~ + + + ^ J C p+1 , (10) 

where r v is the physical value of the Dpbrane tension. /j,q- p is the quantum of magnetic D(6-p)brane 
charge, related to the quantized flux of the field strength, F p+2 , obtained by integrating it over a 
sphere in (p + 2) dimensions: 

/ F p+2 = 2/t 2 /i 6 _ p . (11) 

J Sp+2 

Thus, the flux quantum satisfying a Hodge duality relation of the form given in Eq. (9) is identified 
as, u p = 2/t 2 /i p . The flux quantum, u p , and the quantum of Dpbrane charge, fi p , differ from the 
Dpbrane-tension, r p , in their lack of dependence on the closed string coupling. As a consequence, 
they can be calculated unambiguously in weakly-coupled perturbative string theory. Namely, we 
have the relations: 

2 2 2 2 2 2 2 2 1/r, \7 /4 /io\ 

K T P = 9 k 10 t p = K l0 fi p , k 10 = 2(271-)' a . (12) 

Here, k is the physical value of the ten-dimensional gravitational coupling, and the dimensionless 
closed string coupling, g = e* , where <3>o is the vacuum expectation value of the dilaton field. 

4 Worldsheet Computation of Dpbrane Charge 

Given the remarkably simple worldsheet ansatz for what are now called Dpbrane solitons of the 
type II string theory — pbrane solitons that carry charge under the p-form gauge potentials of the 
R-R sector, and whose tension, t p , scales as 1/g, it is natural to ask whether the quantization 
of Dpbrane charge can be inferred directly from a worldsheet calculation? In fact, the result 
turns out to be stronger than what one might have expected. Not only can Dpbrane charge, 
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/jl p , be determined unambiguously in terms of the fundamental string mass scale, m s , but, upon 
substituting Polchinski's result for v p [2] in the left hand side of Eq. (9), we find that the integer, 
n, on the right hand side equals unity when <i=10: 

v 2 p = 27r(47rV) 3 - p , v p v d -4-p = 2tt (String Theory) . (13) 

We emphasize that this string miracle has its origin in the beautiful property of the one-loop vacuum 
amplitude of string theory described earlier [1]: unlike the vacuum energy density of a quantum 
field theory, the vacuum energy density of an infra-red finite string theory is both ultraviolet finite, 
and normalizable. Let us see how this works in detail. 

The tree-level Dpbrane tension is measured by the tree-level coupling of the massless dilaton- 
graviton field to the Dpbrane: in worldsheet language, this is the one-point function of the massless 
dilaton-graviton closed string vertex operator on the disk. Extracting the factor of g by using 
the relation /j, p = gr p gives the value of the quantum of Dpbrane charge, fi p . It would be nice 
to determine this one-point function directly from a first-principles path integral computation. 
However, the normalization is tricky because of the dependence on the volume of the conformal 
Killing group of the disk [12, 33]. In addition, one requires the result in the supersymmetric type 
I string, and that computation has never been done in the path integral formalism. In practice, it 
is much easier to invoke the factorization of the annulus amplitude in type I string theory to infer 
the normalization of the massless closed string one-point function on the disk indirectly. This was 
the method used to compute the tree- level Dpbrane tension in [2]. 5 

Referring to Eq. (89) in appendix B, we extract the contribution from the annulus to the sum 
over connected worldsurfaces of vanishing Euler character, Wi_ ami , in the background of a pair of 
parallel and static Dpbranes in the type I string theory: 

m-ann =11 W ^ a' t)~^ e~ R ^' 



1 

X 



' e 00 ((Mt) \ 4 ( e 01 (o,it) y ( e w (o,ity 

, V (it) ) \ ri(it) J { r}(it) , 



(14) 



The amplitude vanishes as a consequence of spacetime supersymmetry, as can be seen by application 
of the abstruse identity for the Jacobi theta functions. We will focus, therefore, on the contribution 
from massless spacetime bosons alone, namely, the leading contributions from the (00) and (01) 
sectors. The factorization limit corresponds to the long cylinder, t— >0. We can expose the correct 
asymptotic behavior of the theta functions by expressing them in terms of the theta functions with 
modular transformed argument, t—>l/t: 

00 dt,„ o , x 



W^I-ann = R V T ^ (8tT Vf) 
, _ n JO It 



(p+l)/2 e ~R 2 t/2Tra' 



H=0 



X 



t- 4 T](-l/it) 8 



' eooCo.-iAtA 4 / e 01 (o,-iAt) \ 4 / e 10 (o,-iAt) \ 4 ' 

x V (-l/it) ) \ vi-l/it) J \ ) 



(.15) 



5 Polchinski's 1995 paper uses the operator formalism, motivating the normalization of the amplitude rather than 
deriving it. Although pedagogical, this presentation leaves the origin of the lack of ambiguity in the quantum of 
Dpbrane charge obscure. We will instead use the result of a path integral derivation of the annulus amplitude 
following his 1986 paper [1, 34], reviewed in Appendix B. 
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Expanding the theta functions in powers of e 27r /*, and keeping only the leading term in the expan- 
sion of the (00) and (01) sectors gives: 



Wl-ann - ft W ^ (8tT V) V*^ 2 ™ W 7 ^ 2 

= - ft L^8n 2 aT (p+1)/2 2 A (27ra'Y 7 ~^ 2 T C~^-) \R\ p - 7 ■ (16) 
m=o \ 2 J 

In the right-hand-side of this equality we can recognize the propagator for a massless scalar field in 
9— p dimensions, namely, in the bulk spacetime: 

\/ p+1 (87r 2 «r (p+1)/2 2 4 (27r«0 (7 - p)/2 r (p^j \R\ p - 7 = M^ 2 ar- p V p+1 G 9 _ p (\R\) , (17) 

Inverting the position space Green's function will enable us to make contact with the field theory 
expression for the tree-level exchange of a graviton-dilaton between two Dpbranes, the result for 
which depends explicitly on the Dpbrane tension. 

The tree-level field theory calculation proceeds as follows. We begin with the spacetime action in 
the Einstein frame metric given in Eqs. (36), switching off both the ten-form, and the Yang-Mills, 
backgrounds. The worldvolume action for the Dpbrane background takes the form given in Eq. 
(10). Let us expand about the flat space background metric in perturbation theory, h^ u =G ^ v —i]^ u , 
keeping terms upto quadratic order in the field variations. We will perform this calculation in the 
covariant Lorentz gauge: 

F„ = & l h liV -\d v h x x = Q • (18) 
Thus, the gauge-fixed spacetime action takes the form: 

+t p J d p+1 Xe~^~ 3 ^ 4 ^/-det G~ 

= ~ J d 10 x (d»K x d»h? x - \d»Kd»h\ + J^d^d^ 

-T p jd^x{^$-\h^ . (19) 

The Feynman graph of interest to us in the diagrammatic expansion of this field theory is the 
amplitude for the tree-level exchange of the massless graviton-dilaton multiplet between a pair of 
Dpbranes in d=10 spacetime dimensions. Notice that both background, and propagators, for the 
massless dilaton and graviton fields are decoupled when the action is written in the Einstein frame 
metric. Thus, we need only sum the corresponding tree-level Feynman graphs for each. We will only 
need the trace-dependent piece of the graviton propagator which mixes with the massless dilaton 
scalar exchange. Given the action, Eq. (19), we can write down the form of the free field propagators 
in the momentum space representation: 

(d - 2)k 2 



< >= 



Ak 2 
2k 2 < 
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Thus, for massless dilaton-graviton exchange in ten spacetime dimensions between two Dpbranes, 
we have the tree-level Feynman amplitude: 



(p-3) 2k 2 (p-3) , 2k 2 ( . , I, 

= ■ — ■ M^r, + I Tj ,._( 2 (p + l)--(p+l)< 



2 'P 



= ^ ■ (2D 

Recall that the momentum space representation of the Green's function, 1/k 2 , is the Fourier inverse 
transform of the following position space Green's function: G d =2- 2 TX- d ' 2 Y(\d - l)R 2 - d , a relation 
that holds in any dimension d. Project k on to a (9— p) -dimensional momentum vector orthogonal 
to the worldvolume of the Dpbranes, and take the Fourier transform of the result in Eq. (21) in 
9— p space dimensions. Comparison with Eq. (16) gives the following result for r p : 

v 2 v = 2t 2 k 2 = 2n(4n 2 a') 3 - p • (22) 

Notice that the dependence on the dimensionless string coupling, g, is eliminated in the product 
of physical parameters, t p k, giving results for the flux quantum, u p , and the quantum of Dpbrane 
charge, /i p , that are valid even outside of the realm of perturbation theory. This is as it should be, 
not surprisingly, since v v is a spacetime topological invariant which should always be computable, in 
principle, from spacetime anomaly inflow arguments [27]. Such computations, carried out explicitly 
for the top-form field strength in [27], have given independent confirmation of the correctness of 
Polchinski's worldsheet interpretation of the carriers of R-R charge [2]. 



5 Normalization of Worldvolume EFT Couplings 

Consider a background of the type I or type I' string theory with given set of Dbranes. The space- 
time geometry and background fields and fluxes on the worldvolume of the Dbranes, or intersections 
thereof, constitute a braneworld, with associated worldvolume effective field theory Lagrangian. Let 
us explain why it is possible to determine all of the couplings in such a worldvolume Lagrangian, 
inclusive of numerical factors, in terms of the single mass scale, m s , plus a finite number of di- 
mensionless scalar field expectation values, or moduli. Our observation exploits a property of the 
annulus graph of the open and closed string theory first noted by us in [36]: in order to extract 
the contribution from the lowest-lying open string modes dominating the short cylinder limit of 
a given scattering amplitude, there is no need to set the modulus of the annulus to some ad-hoc 
value, thereby explicitly breaking reparametrization invariance. Instead, we will first expose the 
asymptotics of the integrand by Taylor expansion, followed by an explicit evaluation of the modular 
integral. The physical significance of having thereby preserved all of the manifest symmetries of 
the worldsheet formalism, namely, exact Weyl and diffeomorphism invariance, is that we obtain an 
unambiguously normalized expression for each of the couplings in the worldvolume effective field 
theory. 

We begin with some general statements on loop correlation functions in string theory. The full 
beauty of perturbative string theory becomes transparent upon detailed examination of the loop 
expansion. The world-sheet representation of string loop amplitudes implies the existence of a single 
graph at each order in loop perturbation theory. In precise analogy with the vacuum functional, 
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the scattering amplitudes of string theory can be equivalently interpreted as quantum correlators 
in a two-dimensional "gauge" theory, where the gauge symmetry in question is two-dimensional 
diffeomorphism and Weyl invariance [5]. The S-matrix describing the scattering of asymptotic 
string states is obtained by invoking two-dimensional conformal invariance to represent asymptotic 
on-shell states as operator insertions that are local in the two-dimensional sense, i.e., localized 
on the worldsheet. Off-shell string states are macroscopic boundaries of the worldsheet — either 
macroscopic closed loops or macroscopic line segments, localized instead in the embedding space- 
time [9, 20, 35]. This correspondence between worldsheet and spacetime pictures has remarkable 
consequences. Consider a gauge invariant path integral expression for the generic Greens function 
at arbitrary order in the string loop expansion. Upon gauge fixing to conformal gauge, the path 
integral over metrics is restricted to the fiducial representative from each conformally inequivalent 
class of metrics. This is an ordinary integral over the finite number of moduli parameters of Rie- 
mann surfaces of fixed topology. Remarkably, in any critical string theory, both the measure of the 
path integral, the functional determinants, and vertex operator insertions, can be unambiguously 
computed as functions of the moduli at least in principle, while preserving the full Diffeomorphism 
x Weyl gauge invariance. The result is an unambiguously normalized and ultraviolet finite expres- 
sion for both the Greens function and generic N-point interactions, with a well-defined, zero string 
tension, field theory limit. 

The resulting expressions for the field theory Greens functions are free of ultraviolet regulator 
ambiguity. More importantly, in an infrared finite string theory, they are also free of ambiguity in 
the choice of renormalization scheme [1, 36]. Both properties are a consequence of having maintained 
manifest two dimensional general coordinate invariance in computing the full string theory Greens 
function prior to taking the field theory limit which we define as follows: we factorize on massless 
mode exchange in either open or closed string sectors, projecting also onto the massless on- or off- 
shell modes in any external states, and integrating out the worldsheet modulus dependence of the 
resulting expression. The result is a coupling in the field theory in which we can smoothly take the 
zero string tension limit. Thus, the expression for any renormalized string theory N-point Greens 
function including, in particular, the corresponding field theory limit, is independent of dependence 
on the string tension, m s ~ a' -1 / 2 , which plays the role of an ultraviolet cutoff in spacetime. 

As an illustration of our comments, let us quote two results from the work in Ref . [36] , done in 
collaboration with Novak. This describes a first-principles covariant path integral derivation of the 
iV-point one-loop scattering amplitudes of open and closed bosonic string theory in an external two- 
form background field of generic strength. This is a straightforward adaptation of the derivation of 
the N-point scattering amplitude of the closed bosonic string given in [1]. The main new subtleties 
in the zeta function regularization technique resolved in [36] have to do with the extension to both 
planar and nonplanar amplitudes, and as a consequence of the external field dependence in the 
expressions. The results provide confirmation of the basic insights into renormalization given by the 
path integral approach [5, 1], in the framework of an open and closed string theory with nontrivial 
backgrounds. Evaluating the Greens function for two open string tachyon vertex operators on the 
same boundary of the annulus in an external twoform background of generic strength [36] : 



2a' , |e!(^,f)| 2 2na't 



l + £? 2 |77(f)| 2 l + £? 2 



IBoh 2B 2 



K) 2 - ^p- + 



t 3t 2 



2na'B an , . 

+ TTTO (23) 



Note that the short distance divergence on the worldsheet can be extracted by subtractive renormal- 
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ization while preserving two-dimensional reparametrization invariance: we express the subtraction 
in terms of the geodesic distance between the two sources on the worldsheet [1, 10, 36]. The short 
distance limit gives: 

s 2a' , ,o 2a' , , . . XN9l9 4ira'B 2 9 . , 

G'tcn, aA = In tan o In Winiit)) 2 ? + — -, a 2 = 0, 1 . 24 

v ' ' 1 + B 2 1 Jl 1 + B 2 1 v/v ;; 1 3t{l + B 2 ) 1 y ' 

and we can define the renormalized Greens function: 

lim G' P (a h <x,) = -2a In <i 2 ( | cr^- 1 ) + f(a u cr,-) , (25) 

where d is the distance between the sources as measured on the world-sheet, and the function / is 
finite in the limit Ui—a r Notice that the leading short distance divergence has the same form as 
on the boundary of the disk [33], except that it is defined with respect to the fiducial metric on 
the annulus. From the viewpoint of the correlation function itself, the divergent terms should be 
understood as having been absorbed in a renormalization of the bare open string coupling [1, 36]. 
The precise expression for the one-loop, N-point, planar scattering amplitude can be found in [36]; 
we will extract only its low energy field theory limit by exposing the large t asymptotics of the 
short cylinder limit. A full discussion of both planar and nonplanar amplitudes, with external field 
dependence intact, can be found in [36]. For clarity, we consider the massless limit of the planar 
amplitude, with all N on-shell vertex operators on the Dpbrane, and with the background field set 
to zero: 

dt '~-\N-(p+l)/2 



N \ N f ] f°° dt 

.4p|massless =ig N SQ2l>i) ]] d(T r . / — (2t) 

i=l lr=l J J J ° lt 



N r 9 
x n e -^l^i |-Sinh(!7rtoy)| 2ki ^ (24-8k^ -k,e-^) +0(e- 27r *) 



(26) 



Notice that the integral over the cylinder modulus can be performed explicitly, giving a closed form 
expression for the iV-point function in the worldvolume gauge theory: the Feynman graph is the 
circle with N external legs, and a single photon running around the loop. It should be emphasized 
that the corrections from massive open string states circulating in the loop do not change the basic 
form of this result, the single term given here being replaced by a series of the form: 

oo 

£ F (open) (sinh(i7rt<7 -)) e~^ n) ^ , (27) 
re=0 

where i^ open ) is a polynomial function of the Sinh^Trfcry), i,j=l, • ■ •, N. 

A more realistic calculation requires extension to a stack of coincident Dpbranes, with specific 
nonabelian gauge group realized on them. The N open string tachyon vertex operator extensions 
would be replaced by N massless gluon vertex operators. Finally, this particular computation 
would be performed for the open string sector of a fully consistent, anomaly-free, type I or type I' 
string theory ground state. None of these features brings in insurmountable difficulty: the requisite 
worldsheet technology is well-developed, and can be found in the standard sources. An interesting 
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observation can be made about bulk-boundary couplings by considering the opposite limit of the 
planar amplitude, namely, the long cylinder limit. Factorization of the generic if-point planar 
correlation function on the annulus will yield the normalized (K, l)-point function on the disk, with 
K open string, and one massless closed string, vertex operator insertions. The field theory limit of 
this computation gives the tree-level coupling of an arbitrary number of worldvolume gauge bosons 
to the bulk dilaton-graviton. Notice, in particular, that the worldvolume Yang-Mills gauge theory 
does not decouple from the bulk supergravity theory, even at lowest order in the Yang-Mills gauge 
coupling. 

6 The Macroscopic Loop Amplitude 

Let us return to the familiar computation of the contribution to the one-loop amplitude of bosonic 
open and closed string theory from world-surfaces with the topology of a cylinder, reviewed from 
first principles in the covariant path integral approach in appendix A. 2. From the perspective of 
the closed string channel, this graph represents the tree-level propagation of a single closed string, 
exchanged between a spatially-separated pair of Dpbranes. A crucial observation is as follows: 
although the Dpbrane vacuum corresponds to a spontaneous breaking of translation invariance 
in the bulk 25— p dimensional space orthogonal to the pair of Dpbranes, notice that spacetime 
translational invariance is preserved within the p+l-dimensional worldvolume of each Dpbrane. 

It is interesting to ask whether it is possible to modify this calculation such that all 26 spacetime 
translation invariances are broken. We emphasize that we ask this question not only for the point- 
like boundary limit of the annulus graph, but for the annulus with macroscopic boundary loops. 
The former limit with pointlike boundaries corresponds to the tree-level exchange of a closed string 
between a pair of Dinstantons: their worldvolumes are spacetime points, and each boundary of the 
annulus is therefore mapped to a point in the embedding 26d spacetime. The latter case corresponds 
to a genuinely new worldsheet amplitude, and the corresponding analysis of the covariant string path 
integral brings in many new features first described in [9, 35], and reviewed in appendix D of this 
paper. Remarkably, we will find that this computation leads us to discover a new Dirichlet vacuum of 
open and closed bosonic string theory, namely, that of a Dirichlet (-2)brane. This identification was 
first made by Chaudhuri in [37], examining evidence from both the target spacetime and worldsheet 
perspectives of the type I' string. A complementary interpretation from the perspective of the 
boundary state formalism appears in our recent work [41]; we also give a discussion of the relation 
to the (-l)form potential in the global symmetry algebra of the massive type IIA supergravity [40]. 

It is convenient to align the macroscopic loops, C«, C/, which we will choose to have the common 
length L, such that their distance of nearest separation, R, is parallel to a spatial coordinate, call 
it X 25 . As in appendix A. 2, the Polyakov action contributes a classical piece corresponding to 
the saddle-point of the quantum path integral: the saddle-point is determined by the minimum 
action worldsurface spanning the given loops Ci, Cf. The result for a generic classical solution of the 
Polyakov action was given by Cohen, Moore, Nelson, and Polchinski in Ref. [9]. For coaxial circular 
loops in a flat spacetime geometry, we have a result identical to that which holds for a spatially 
separated pair of generic Dpbranes in flat spacetime [35]. 

The details of the computation are reviewed in appendix D. The main difference from the 
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analysis of the annulus diagram of open and closed string theory is the implementation of boundary 
reparametrization invariance: although all 26 coordinates of the embedding worldvolume of the 
space-filling D25brane are chosen to satisfy the Dirichlet boundary condition, reparametrization 
invariance of the map from the boundaries of the annulus to a given pair of loops in spacetime 
requires that we allow nontrivial boundary reparametrizations of the worldsheet metric (einbein) 
on the boundary [9, 35]. The result is an additional contribution to the measure for moduli in the 
path integral, computible in terms of the functional determinant of the scalar Laplacian on the one- 
dimensional boundary of the worldsheet. Our result for the connected sum over worldsurfaces with 
the topology of an annulus with boundaries mapped onto spatially separated macroscopic loops, Cj, 
Cf, of common length L takes the form [9, 35]: 



A 



L- 1 (47r 2 a / ) 1/2 l r^-(2t) 1 / 2 -r ] (it)- 24 e- R2t ^ a ' . (28) 
J jo 2t 



The only change in the measure for moduli is the additional factor of (2t) 1//2 contributed by the 
functional determinant of J . The pre-factor in square brackets is of interest; recall that there is 
no spacetime volume dependence in this amplitude since we have broken translational invariance in 
all 26 directions of the embedding spacetime. If we were only interested in the point-like off-shell 
closed string propagator, as in [9], the result as derived is correct without any need for a pre-factor. 6 
However, we have required that the boundaries of the annulus are mapped to loops in the embedding 
spacetime of an, a priori, fixed length L. Since a translation of the boundaries in the direction of 
spacetime parallel to the loops is equivalent to a boundary diffeomorphism, we must divide by the 
(dimensionless) factor: L(47r 2 o; / ) _1 / 2 . This accounts for the pre-factor present in our final result. 
Note that for more complicated loop geometries, including the possibility of loops with corners, the 
pre-factor in this expression will take a more complicated form. 

As mentioned above, we suspect that this expression can be interpreted as computation of 
the one-loop vacuum amplitude in a distinct Dirichlet background of the familiar open and closed 
string theory in critical spacetime dimension. As a check, let us take the factorization limit of the 
amplitude, expressing the eta function in an expansion in powers of q=e~ 2n ^. The small t limit is 
dominated by the lowest-lying closed string modes and the result is: 



A = 



L- 1 (47r 2 a') 1/2 ] J " dt ■ (2*)- 1 / 2 • t 12 ■ q- 1 (l + 24g + 0(q 2 )) e-^/W 
iL~ x 2± • 2- 12 (47r 2 a') 13 ^ 25/2 r (^j \R\~ 25 . (29) 



Repeating the steps reviewed in section 4 [2, 33], we infer the existence of a Dirichlet (-2)brane in 
open and closed bosonic string theory with tension: 

*°=2£?W ' (30) 

How does one give physical meaning to a Dirichlet (-2)brane? In order to understand its origin 
in the spectrum of pbranes, it will be helpful to consider the meaning of a D(-2)brane from the 
perspective of both the boundary state formalism, and of the ten-dimensional supergravity dualities. 

6 Comparing with the final expression for the off-shell point-like propagator given in Eq. (4.5) of [9], and setting 
t^>2\ in order to match with the notation in [9], the reader should ignore an extraneous factor of A~ 13 , which should 
clearly be absent in an all-Dirichlet string amplitude. 
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Let us begin from the perspective of the boundary state formalism, originally developed by 
Callan, Lovelace, Nappi, and Yost in [14], assuming open strings with Neumann boundary condi- 
tions, and later adapted to the Dirichlet case by Green [20]. The extension to the boundary state 
of a generic Dpbrane in the superstring is due to Li [26]. The boundary state is simply the physical 
state in the Hilbert space that is annihilated by the boundary conditions on all two-dimensional 
fields, when interpreted as operator statements [14]. We remind the reader that the worldsheet 
metric of the classical Polyakov action is eliminated in favor of the Faddeev-Popov b,c, ghost fields 
[33] in the course of covariant quantization. Thus, in bosonic string theory, all we have left are the 
Dirichlet boundary conditions acting on the 26 two-dimensional free scalar fields, and corresponding 
conditions on the ghosts. In terms of the free bosonic oscillators, the Dinstanton boundary state 
therefore satisfies the constraint [20]: 

(a^-at n )\B,y^>=0, [<,<] = mS mn 8^, V/i = 0, • • • , 25 . (31) 

For the b, c ghosts, we have corresponding constraints: 

(b n -b- n )\B,y li >=0, (c n + c_ n )\B,y^ >= 0, [b n ,c m ] = 5 m+n = [b n ,c m ] . (32) 

Since the boundary state is a physical state in the Hilbert space, \B > is annihilated by the BRST 
charge, the operator responsible for implementing two-dimensional reparametrization invariance. 
In particular, \B > is also required to be invariant under diffeomorphisms of the boundary: a 2 — > 
/(cr 2 ), of the worldsheet annulus. This last constraint is trivially satisfied by the Dirichlet boundary 
states, — 1 < p < 25, since all two-dimensional fields vanish on the boundary. In the extreme case 
of the Dinstanton, where the worldvolume is simply a spacetime point, the map from the boundary 
of the annulus to the worldvolume of the Dinstanton is trivial. The result takes the form [20]: 

\B >= exp 

Since we have assumed rigid Dirichlet boundaries, \Q > is the SL(2, C) invariant vacuum with zero 
(transverse) momentum orthogonal to the boundary [33]. 

The boundary conditions we have imposed in our calculation of the macroscopic loop amplitude 
do not permit a trivial resolution to this last constraint. Requiring that the boundaries of the 
annulus map into loops at fixed locations in the embedding spacetime implies that we have broken 
all 26 spacetime translations. Thus, it is helpful to begin with the Dinstanton boundary state 
described above. Next, we must insert an operator in the transfer matrix whose purpose is to smear 
the location of the Dirichlet end-point over the specified loop Cj, and likewise for C/. It is convenient 
to identify the direction parallel to the pair of coaxial circular loops as one of the coordinates of 
spacetime, call it X 1 . It follows that the operator that must be inserted in the transfer matrix is 
none other than the momentum generator, Pj. Thus, we conclude that the boundary state that 
describes a Dirichlet (-2)brane is obtained by simply acting with the momentum generator on the 
boundary state of the Dinstanton. 

Is it possible to make this identification more precise? We remind the reader that the normal- 
ization of a boundary state is, a priori, ambiguous, as already noted in [14, 20]. We should point 
out, however, that the normalization of the boundary state could be determined by matching to the 
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factorization limit of the covariant path integral computation: as shown in section 4, and above, 
the one-loop amplitude factorizes on a closed string propagator connecting (normalized) one-point 
functions on the disk, each localized on a Dpbrane. 

The corresponding one-loop amplitudes in the operator formalism can be written as follows. 
Identifying the modular parameter of the one-loop amplitude as a fictitious "time", the integrand 
can be interpreted as the transfer matrix for two-dimensional field theory data from an initial 
boundary state, \Bi >, to a final state, \Bj >. The precise measure of the one-loop string amplitude 
is difficult to motivate from first principles without the path integral derivation, but the integral over 
t is easily justified by invoking two-dimensional conformal invariance. Thus, the sum over world- 
surfaces with the topology of an annulus, and with boundaries terminating on a spatially separated 
pair of Dinstantons, or D(-l)branes, can be equivalently interpreted in terms of the transfer matrix 
formalism as follows [14, 26]: 

A-AR) = I" dt< B, R\e- {Lo+L °- l)t \B, > e ' R2t/2na ' , (34) 
Jo 

where L , L , are the zero modes of the Virasoro generators, including both matter and ghost degrees 
of freedom, the vacuum energy of the SL(2, C) invariant vacuum is —1, and we have separated the 
classical contribution to the Hamiltonian. Comparing with the expressions in appendix A. 2, and 
in section 4, the reader will note that the normalization of the Dinstanton boundary state and, 
consequently, of the one-loop string amplitude is, apriori, unknown and ambiguous [14, 20]. The 
corresponding expression for the channel amplitude in the case of the Dirichlet(-2)branes takes the 
form: 

A- 2 (R) = r dt< B, R\P^e' {Lo+Lo - 1]t P\B, > e~ R2t/2na ' , (35) 
Jo 

where P acts in the direction parallel to the coaxial circular loops. The path integral expression 
derived in appendix D gives concrete meaning to the various terms in the operator representation. 

Additional insight into the nature of the D(-2)brane is provided by supergravity considerations. 
Recall that the ten-form field strength is the Hodge dual of a scalar field strength in ten space- 
time dimensions. Indeed, Roman's massive IIA supergravity theory is known to have a nine-form 
potential which couples to the D8brane of the IIA string theory [17, 2]. Let us write down the 
relevant equations for the coupling to a D8brane in the ten-form formulation of the massive type 
IIA supergravity theory. In the Einstein frame metric, the bosonic part of the massive IIA action 
takes the simple form [33]: 

S = 2^ I dWXV ^ ( Rg - ^2 m2 ~ ^ /2M2 ) + W I MFl ° ' (36) 

where M is an auxiliary field which will be eliminated by its equation of motion. F w is the non- 
dynamical ten-form field strength, which can be dualized to a zero-form, or scalar, field strength, 
*Fi . This non-dynamical constant field generates a uniform vacuum energy density that permeates 
the ten-dimensional spacetime, thus behaving like a cosmo logical constant: Fi = dCg, varying with 
respect to the gauge potential, Cg, gives M = constant, and varying with respect to M gives, F10 
= Me 5 */ 2 Vio, where V10 is the volume of spacetime. Thus, we can identify the dualized scalar 
field strength: *F 10 = Me 5 */ 4 . Notice that, since the objects appearing explicitly in the spacetime 
Lagrangian are the field strengths, there is, of course, nothing puzzling about the existence of a 
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scalar field strength in the Ramond-Ramond sector of the type IIA string theory. The Dirichlet 
(-2)brane should be identified as the source for the associated topological charge. 

7 Conclusions 

A basic insight that follows from the observations summarized in this paper is that perturbative 
string theory is more simply understood as an exactly renormalizable two-dimensional field theory 
with precisely one independent Wilsonian renormalized parameter [36]. This insight is already 
apparent in the computation of the one-loop renormalization of the string coupling in closed bosonic 
string theory by Polchinski in [1] . We have added further clarifications, especially in the interesting 
case of the open and closed type I and type I' string theories in generic twoform background [36, 38]. 

It should be noted that the exact renormalizability of perturbative string theory is obscure 
from the viewpoint of the spacetime effective Lagrangian: computation of the renormalized Greens 
functions for massless fields in an a' expansion, while keeping only a finite number of terms in 
the nonrenormalizable Wilsonian effective action, does not enable one to infer that the ultraviolet 
cutoff can, in fact, be removed. Thus, at any finite order in the a' expansion, string theory is indeed 
nonrenormalizable. Our assertion that perturbative string theory is exactly renormalizable relies 
crucially on knowledge of an equivalent, a//-orders in a', worldsheet representation of the Greens 
function and loop correlation functions. It should be emphasized that such an analysis can only 
be carried out in explicit form in the flat spacetime background, known to be infra-red finite to all 
orders in string perturbation theory for an anomaly-free choice of nonabelian gauge group [38]. 

Perhaps the most important issues raised by this paper are the observations in section 5, where 
we have noted that the remarkable normalizability property of the perturbative string scattering 
amplitudes can survive in the low energy effective field theory limit: all of the couplings in the 
worldvolume effective Lagrangian, inclusive of numerical factors, can be determined in terms of the 
single mass scale, m s , plus a finite number of dimensionless scalar field expectation values, or moduli 
[36] . As mentioned earlier, this could have significant consequences for the derivation of precision 
perturbative gauge theory results from perturbative string scattering amplitude computations. This 
is an area of considerable import for the continued development of high energy physics, both in 
precision particle physics and astrophysics, and for braneworld cosmologies. It appears to us very 
unfortunate that the full power of perturbative string theory computations has not been fully 
exploited in its most immediate application to low energy physics: namely, the direct derivation of 
scattering amplitudes in perturbative gauge theories. 

The physical significance of the Dirichlet (-2)brane described in section 6, and the implications for 
Poincare duality in String/M theory, are discussed elsewhere [41]. As mentioned earlier, macroscopic 
loop amplitudes in string theory have the potential to provide many new applications to physics. 
The preliminary analysis of loop geometries given in [9, 35], including the interesting possibility 
of corners, is deserving of further development. There exist a number of potential applications 
relating to cosmic string production from the vacuum, cosmic string scattering, as well as the 
study of radiation from cusps and/or corners on a cosmic string. It would be remarkable to have 
a first principles formalism for deriving such phenomena directly from a fundamental, and fully 
renormalizable, quantum theory. 
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A Open and Closed Bosonic String Theory 

Consider a pair of parallel Dpbranes separated by a distance R in the direction X p+l with p < 
25. There are four worldsheet diagrams that contribute to the one-loop amplitude in an unoriented 
open and closed string theory. Recall that worldsheets with Euler number, x = 2 - 2h- b - c, where 
h, b, and c, are, respectively, the number of handles, boundaries, and crosscaps on the worldsheet, 
contribute at 0(g x ) to the string perturbative expansion [33]. We will perform the sum over surfaces 
for each of these topologies in turn, starting with the closed bosonic string amplitude derived in [1]. 

A.l One-loop Vacuum Amplitude: Torus 

This is essentially a review of Polchinski's 1986 derivation of the one-loop vacuum amplitude for 
closed bosonic string theory. 7 Since closed strings cannot couple to a background magnetic field, 
the background field strength, and Dpbrane geometry, are of no relevance to the computation of 
this diagram. Note that the worldsheets of toroidal topology are embedded in all 26 spacetime 
dimensions. 

The generic metric on a torus can be parameterized by two shape parameters, or worldsheet 
moduli, T=T 1 +iT 2 , and it takes the form: 

ds 2 = e^da 1 + rda 2 \ 2 , Jg = e<V 2 , -\ < n < \, r 2 > 0, |r| > 1 , (37) 

with worldsheet coordinates, a a , a— 1,2, scaled to unit length. The combination, ^fgg ab , is both 
diffeomorphism and Weyl invariant, leading to a gauge-invariant norm for quadratic deformations 
of the scalar fields, X, as well as for traceless deformations of the metric field, g ab . Note that an 
arbitrary reparameterization of the metric can be decomposed into trace-dependent and traceless 
components, the latter including the effect of a variation in the worldsheet moduli, Tf. 

5g a b = gab - V c 5a c ) - (y a 5a b + V b Sa a - g a bV c 5a c ) + 5ridig ab . (38) 

7 Sections in Polchinski's text that may be helpful in reading this appendix are 3.2, 3.5, 5.1, 5.2, 7, 10.8, and 
13.5. The presentation here is based on his 1986 paper [1], and the follow-up works [10, 34], rather than on the 
textbook. One reason is that we wish to highlight the relationship to path integrals in quantum gravity, eschewing 
the use of worldsheet holomorphicity and ghosts, although, as we have emphasized earlier, conformal field theory in 
the operator formalism has its uses. More importantly, the casual reader of Polchinski's text will fail to notice that 
many results, such as Eqs. (7.2.3), (7.2.4), and all of sees. 7.4, 10.8, and 13.5, cannot be obtained in closed form 
without the zeta-regularized path integral derivation. The author has done a nice job of motivating the results but, 
in the interests of pedagogy, many significant derivations have been skipped. 
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Thus, the only obstruction to a fully Weyl invariant measure for the string path integral is the norm 
for the field 0: 

|50| 2 = J d 2 a^{54>f = / d 2 a r 2 e^5<P) 2 . (39) 

The natural choice of diffeomorphism invariant norm violates Weyl invariance explicitly. Fortu- 
nately, this obstruction is absent in the critical spacetime dimension since the worldsheet action 
turns out to be independent of <fi. The differential operator that maps worldsheet vectors, Sa a , 
to symmetric traceless tensors, usually denoted (PiScr)^, has two zero modes, or Killing vectors, 
on the torus. These are the constant diffeomorphisms: 5a^. Following [5], we invoke the unique 
diffeomorphism invariant norm on the tangent space to the space of classical metric configurations 
at a given metric, g ab . This norm is also Weyl invariant in the critical dimension [1]: 

\6g ab \ 2 = j d 2 a^g- (g ac g bd + Cg ab g cd ) 5g ab 5g cd , dgdX = J(r i )(d ( f ) d8ayd 2 T i dX , (40) 

where the prime denotes exclusion of the zero mode. The diffeomorphism and Weyl invariant 
measure for moduli in the string path integral is derived as shown in [1, 10]. Let us arbitrarily pick 
the normalization unity for the gaussian path integral of any field on the worldsheet. This property 
is assumed to hold for either set of field variables: (5g, 5X), or ((5(f)5a a )', d 2 Ti, 5X'): 

1 = J d5g ab e'h &g ^ 2 = j dS^e'^ = j d5a a e-h s ^ 2 = J d5Xe-^ l5xl2 . (41) 

Notice that the arbitrary normalization will drop out in the change of variables, leaving an un- 
ambiguously normalized expression for the Jacobian, Jiji). In the critical spacetime dimension, J 
does not depend on 0, and is also independent of the unknown constant C in Eq. (40) [1]. To see 
this, we begin by accounting for all of the ordinary gaussian integrals over constant parameters that 
contribute to the measure. For the two real worldsheet moduli, it is easy to check that: 

1 = (27T)- 1 d 2 a^J j dndrze-^f^ , (42) 

which gives the normalization of the integral over moduli. Likewise, separating out the two real 
zero modes of the vector Laplacian: 

d(f)d5a a = (d(j)d5a a yd5ald5al , (43) 

the gaussian integral for the corresponding field variations is found to be normalized as follows: 

1 = J d5ald5ale'^MS^.^4>d b 4> +9ab ) J (^^V^l 2 "^! 2 
= 2n(detQ ab y 1/2 J^dda^e-h^-h 6 ^ 2 . (44) 

Finally, we should account for the constant modes of the scalar Laplacian. We can distinguish the 
p + 1 noncompact embedding coordinates parallel to the Dpbrane worldvolume, assumed to have a 
common box regularized volume, from the 25 — p compact bulk coordinates. Denoting the size of 
each embedding coordinate by L M , // = (),•••, 25, we have: 

25 

1 = / d5Xe-^ 2 = I] / d5xe~^ 2 I d2 ^ [ d5X' e -^ 2 
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= (27r) d / 2 (J d 2 a^y d/2 J d5X'e-\ sx '\ 2 / 2 , (45) 

with d = 26. Substituting Eqs. (42), (44), and (45), in Eq. (41) gives an unambiguously normalized 
expression for the Jacobian J{ji): 



1 = / dgdXe-^-h**? 
= (&etQ ab )- 1/2 (2n)- d ' 2 (J d 2 a s fg^ ^ (det'.M) 1/2 J (d^dSayd^dX'e-h 5 ^-^ 2 7 (46) 



where M. arises from the change of variables, and is a self- adjoint differential operator on the 
worldsheet. Its explicit form is obtained by substitution of Eq. (38) in Eq. (40) [1, 10]. We have 
factored out the redundant integrations over the gauge parameters (<50, 5a a )' . Dividing by the 
volume of the gauge group to eliminate this redundancy gives the following simplified expression 
for the one-loop closed bosonic string vacuum functional in the critical spacetime dimension: 



W tor = 



Vol[Diff x Weyl] 



tor 



[dg][dX]e- s ^ = J [dr] tor J [dX]e~ s ™ 



= J] 2/1 / d " T (detQ ab )- 1/2 {2ii)- d ' 2 (j d 2 a^gj (det'M) 1/2 J dSX'e' 3 ™, (47) 

where d = 26. It remains to perform the integration over embeddings of the closed worldsurfaces 
with toroidal topology, namely, the 26 scalar fields, X\a). On the torus, the Laplacian on scalars 
acts as: A=Tvr 2 |<9 2 +T(9i| 2 . The orthonormal basis for the scalar field, defined with respect to the 
Weyl and diffeomorphism invariant measure [4, 1], is given by the complete set of eigenfunctions: 

X'{a a ) = £ 'a n2!ni * n2)tll K), with *„ 2 , ni K) = J- e ^n^+n^) ? (4g) 

ni,n\ V 2 



and the discrete set of eigenvalues: 



47T 2 

47r 2 {g ab n a n b ) = — \n 2 - m x \ 2 , (49) 



where the subscripts take values in the range — oo<n2<oo, — oo<ni<oo. Following Hawking [4], we 
note that the measure in the tangent space to the space of embeddings is ultralocal, a point that 
has also been stressed by Polchinski [1, 10, 34]. Namely, the functional integral over embeddings, 
Zx(v a ), is the product of ordinary integrals defined at some base point, cr a , on the two-dimensional 
domain, followed by an integration of the location of the base point in the domain 0<a a <l. The 
normalization of the sum over embeddings, denoted \i in [4], is determined unambiguously by the 
form of the classical action and the gauge invariant norm on the space of eigenfunctions [1]: 

J d5X'e-Thr$ d2 ° x 'V99 ah d a d b x 

= /i g II da n2 , ni e~*™'\^=-°° ^"i="~ w ™ l °™' ) 

n,2=—oo m=— oo 

oo oo/ 

= (2na')- d/2 II II K 2 ,n 1 )- d/2 = (2W)- d / 2 (det'A)- d/2 . (50) 



ri2=— oo ni=— oo 
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More significantly, the lack of ambiguity in this normalization is preserved even after the introduc- 
tion of a regulator for the infinite products in Eq. (50). This is due to the fact that the choice of 
worldsheet ultraviolet regulator is uniquely determined by the gauge symmetries. 

One last substitution relates the functional determinants of the vector and scalar Laplacians 
[1, 10]: 

(c\ \ i OO OOf 

= -det'A = i n n • 
2 / rt2=— oo m=— oo 

Notice that the dependence of M. on the unknown constant, C, appearing in Eq. (40) drops out in 
the critical spacetime dimension since the field decouples [1]. Substituting Eqs. (50) and (51) in 
the expression for the vacuum functional gives the simplified expression: 

25 „ j2 oo oo/ 

^ tor = n ^V^ r2 " 2+1+d/2(27r) " d/2(Wr<i/2 n n (-™r 12 • 

H=0 2 ri2=— oo m=— oo 

The infinite product in Eq. (50) can be zeta-function regulated using a Sommerfeld- Watson 
integral transform following [1]. We review this derivation in Appendix C. The result is [1]: 

oo 

det'A = rfe- 7 ^/ 3 JJ |1 - e 2mnT \ 4 = r 2 \r](q)\ 4 . (53) 

Substituting in Eq. (52) gives Polchinski's result for the sum over connected worldsurfaces with the 
topology of a torus [1]: 




It is instructive to compare the zeta-function regulated expressions in [1] with previous results for 
the one-loop closed string amplitudes obtained in the operator formalism. Friedan's calculation of 
the closed string vacuum amplitude [6] misses its numerical coefficient. Shapiro's result for the N- 
point closed string tachyon scattering amplitude at one loop order [7] misses the numerical relation 
between the one-loop renormalized closed string coupling and the fundamental string mass scale. 
Notice that the appropriate Jacobi theta functions appear in either worldsheet formalism simply as 
a consequence of modular invariance. This symmetry is responsible for the finiteness of one-loop 
string amplitudes, and it holds independent of their normalization. 

A. 2 One-loop Vacuum Amplitude: Boundaries and Crosscaps 

There is only one orientable open Riemann surface of Euler number zero, the annulus, with two 
boundaries. The corresponding nonorientable surfaces of vanishing Euler number are obtained by 
plugging, respectively, one or both holes of the annulus with a crosscap. The Mobius strip has a 
single hole, and the Klein bottle has none. Thus, the fiducial metric on each nonorientable surface 
can be chosen identical to that on the annulus, and the derivation for the gauge-invariant measure 
for moduli is unchanged [34] . The nonorientable surfaces share the same fundamental domain as the 
annulus, but the eigenspectrum is appropriately modified by application of the orientation reversal 
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projection, f2. We therefore begin with a detailed discussion of the annulus. The Mobius strip and 
Klein bottle will be obtained as simple modifications of this result. 

One further clarification is required to distinguish results in the presence, or absence, of Dirichlet 
p-branes. In the absence of Dpbranes, the boundary of the worldsheet can lie in all 26 dimensions, 
and we impose Neumann boundary conditions on all d=26 scalars. This gives the traditional open 
and closed string theory, whose supersymmetric generalization is the type IB string theory. T- 
dualizing 25— p embedding coordinates gives the open and closed string theory in the background 
geometry of a pair of Dpbranes [18]. Its supersymmetric generalization is the type I' string the- 
ory, when p is even, and the type IB string theory in generic Dpbrane background, when p is 
odd [2]. The Dpbranes define the hypersurfaces bounding the compact bulk spacetime, which is 
(25— p) -dimensional. Since the bulk spacetime has edges, these 25— p embedding coordinates are 
Dirichlet worldsheet scalars. It is conventional to align the Dpbranes so that the distance of nearest 
separation, R, corresponds to one of the Dirichlet coordinates, call it X 25 . 

In the presence of a pair of Dpbranes, the classical worldsheet action contributes a background 
term given by the Polyakov action for a string of length R stretched between the Dpbranes [2, 33, 34]: 

S cl [G, g] = j^J d 2 a^g ab G 25 > 25 (X)d a X 25 d b X 25 = ^;R 2 t , (55) 

where the second equality holds in the critical dimension on open world-surfaces of vanishing Euler 
number. The background dependence, e~ s ^ G ' 9 \ appears in the sum over connected open Riemann 
surfaces of any topology, orientable or nonorientable. Notice that the background action is deter- 
mined both by the fiducial worldsheet metric, and by the bulk spacetime metric, G MJ ,[X]. Notice 
also that the boundary of an open worldsheet is now required to lie within the worldvolume of the 
Dpbrane, although the worldsheet itself is embedded in all 26 spacetime dimensions. 

The metric on the generic annulus can be parameterized by a single real worldsheet modulus, t, 
and it takes the form: 

ds 2 = e^dda 1 ) 2 + 4t 2 (da 2 ) 2 ), Jg = e*2t, < t < oo , (56) 

with worldsheet coordinates, a a , a— 1,2, parameterizing a square domain of unit length. 2t is the 
physical length of either boundary of the annulus. The differential operator mapping worldsheet 
vectors, Sa a , to symmetric traceless tensors, usually denoted (PiSa) a b, has only one zero mode on 
the annulus. This is the constant diffeomorphism in the direction tangential to the boundary: 5o~q. 
Likewise, the analysis of the zero modes of the scalar Laplacian must take into account the Dpbrane 
geometry: the p + 1 noncompact embedding coordinates satisfying Neumann boundary conditions 
are treated exactly as in the case of the torus. The 25 — p Dirichlet coordinates lack a zero mode. 
Thus, the analog of Eq. (45) reads: 




The analysis of the diffeomorphism and Weyl invariant measure for moduli follows precisely as for 
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the torus, differing only in the final result for the Jacobian [34]. The analog of Eq. (46) is given by: 

1,, ,o 1, 



1 = / dgdXe-^ 2 -^ 2 

(fd^) 1/2+iP+1)/2 



= (detQ 22 r 1/2 {J - "^l +1)/2 (det'.M) 1/2 J (d<f>d8a)'dtdX'e-hw 2 -h sx \ 2 , (58) 

where (detQ22) = 2t in the critical dimension, cancelling the factor of 2t arising from the normal- 
ization of the integral over the single real modulus. As shown in [34], M takes the form: 

-)=-(2t)- 1 det'A = |(2t)- 1 J] II • (59) 

' n,2=— 00 m=— 00 

The Laplacian acting on free scalars on an annulus with boundary length It takes the form, 
A=(2£)~ 2 <9 2 +<9 2 , with eigenspectrum: 

Un 2 , ni = ^(nl + nft 2 ), * n2 , ni = -i=e 2 ™ 2CT2 Sin(7rn 1( T 1 ) , (60) 



where the subscripts take values in the range — oo<n2<oo, and ni>0 for a Neumann scalar, or 
rii>l for a Dirichlet scalar. 

In the case of a background electromagnetic field, T p -\^ it is convenient to complexify the cor- 
responding pair of scalars: Z=X p +iX p ~ 1 [13, 29, 31]. They satisfy the following twisted boundary 
conditions: 

d x ReZ = ImZ = a 1 = (61) 
d^ee'^Z = Ime'^Z = a 1 = 1 (62) 

Expanding in a complete set of orthonormal eigenfunctions gives: 

Z = E Zn^nw = J^e^^SimrK + a)a l , (63) 

where 7ia=<f), and vr— 0, respectively [31], and where the subscripts take values in the range — oo<n2<oo, 
rii>0. The twisted complex scalar has a discrete eigenvalue spectrum on the annulus given by: 

7T 2 

^n 2) n 1 (a) = -^-(n^ + (ni + a) 2 t 2 ) . (64) 

Thus, the connected sum over worldsurfaces with the topology of an annulus embedded in the 
spacetime geometry of a pair of parallel Dpbranes separated by a distance R in the direction X 9 , 
and in the absence of a magnetic field, takes the form [34] : 



Wann=TTW ~ ^ Vt ) _(P+1)/ V**) W . (65) 

^=0 7o 2t 
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In the presence of a worldvolume electromagnetic field, T p -\#, the scalars X p 1 , X p , are complexi- 
fied. Substituting the result for the eigenspectrum of the twisted complex scalar gives: 

WU*) = ff V f ^(STrVt)-^ 1 )/^^)-^-^/^ .f^.fl , (66) 



with a=i<f)/n and q=e~ 2nt . 



o 2t ! iQn(ita,it) 



The corresponding expressions for the Mobius strip and Klein bottle are easily derived by making 
the appropriate orientation projection on the eigenspectrum on the annulus. For the Mobius strip, 
and in the presence of the magnetic field, we have: 

w moh = n W ^(leTrvr^v^ 22 ^ 2 '/™' n n (^a^)- 1 . (6?) 

H=0 J ° lt ni=0n 2 =-oo 

The extra factor of two in the contribution from zero modes, and in the classical action of the 
stretched string, is easily understood as follows. Recall that a cylinder is a strip of boundary length 
2t and height 1. The Mobius strip is the strip twisted by Q, orientation reversal, and sewn back 
upon itself. Thus, the corresponding eigenfunction spectrum is the same as that on a cylinder with 
boundary length At, height 2, and twisted boundary conditions on the scalar parameterized by an 
angle a=n/2. Note that the extra factor of two cancels out in the integration measure since it has 
the scale invariant form dt/t. The spectrum of the Laplacian takes the form: 

Vn 2ni = ^=/ m{n ^ 2 ^n2^{ ni + ly 1 

V 2t 

Vn 2ni = -^=e teCT2 Sin27r(n 1 ) ( 7 1 , (68) 

V 2t 

where we have separated the 7r/2-twisted (odd), and untwisted (even), eigenfunction sectors on 
the equivalent annulus. To obtain the corresponding results in the presence of the magnetic field, 
simply introduce the parameter a in these expressions, where a takes the values, (fi/n, or 1— (fi/n: 

y2t 

* n 2 n 1 



pe 4 ™ 2<72 Sin2i(rn + \a)^ , (69) 



The corresponding eigenvalues are: 



■S!»= ^{n 2 + \f + A^(n 1 + \ + \af 

AtT 2 / \ 2 

(a) = —n\ + An 2 (m + \a) , (70) 



, ,cvcn 



where — oo<n 2 <oo, and 0<ni<oo. 



Thus, the functional determinant of the complex scalar Laplacian on the Mobius strip in the 
presence of the background magnetic field, is given by the infinite product over both sets of eigen- 
values: gives: 



detA mob = n n 

n,2=— oo m=0 



An 2 / \ 2 An 2 / 

— n\ + An 2 (m + \a) — (™2 + \) 2 + Att 2 (m + \ + \a 



t 2 



(71) 
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Regulating the divergent products by the method of zeta-function regularization, as shown in Ap- 
pendix C.2, gives the result: 



detA mob = q 2^ + l- a \l - q*)- 1 ]J [(1 - q^ )(1 - q^) ' 

ni=l 

oo 

IJ [(l + g 2ni - 1 - Q )(l + g 2ni ~ 1+a )] • (72) 

m=0 

This can be expressed in terms of the Jacobi theta functions as follows: 

(d*^)- = - ie ^ l -£^ ]l -^_ ] , (73 ) 

where a denotes 

Combining with the functional determinants for the free Dirichlet and Neumann scalars, our 
final expression for the sum over connected worldsurfaces with the topology of a Mobius strip is: 

^mob=n/ ^(167r 2 a'0- (p+1)/2 e- R2/W [ ? 7(2i0eoo(0,2^)]- 12 . (74) 

In the presence of the background magnetic field, the result takes the form: 

p - 2 r°°dt 



xM«)e»(o,2«)rv«« [ en( ^ to ; 28f) ][ ero( — 2lt) \ ■ (75) 

The amplitude for the Klein bottle follows from similar considerations. The Klein bottle is a 
strip twisted by Q, orientation reversal, and with both ends sewn back upon themselves. Note that 
the Klein bottle is a closed worldsurface. Thus, the corresponding eigenfunction spectrum is the 
same as that on a cylinder with boundary length At, height 2, but with periodicity imposed on 
both edges. The periodicity condition implies that we include both left- and right-moving annulus 
modes, and with equal weight. For convenience, we present the results directly in the presence of 
the background magnetic field: 

tt nam (a) = ^e 4 ™ 2CT2 Sin2 7 r(n 1 + ^a 1 , (76) 
v It 



and the eigenvalues are given by: 

4tt 2 



f2 n 2 + 4vr 2 (n 1 + |a) 2 , (77) 



with the usual range for rt\ and n 2 - The functional determinant takes the form: 



oo oo 



detA kb = n n 

ri2=— oo ni=0 



4tt 2 
t 2 



—n\ + 47r 2 (n! + \a) 



(78) 
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Following zeta-function regularization of the divergent eigenvalue sums, the result for a complex 
twisted scalar takes the form: 

/ oo 

(detAkb)^ 1 = q a2+1 ~ a (l - q 2a )~ l \{ [(1 - q 2n ^ a )(l - q 2ril+Q ) 



rtl=l 



e ^ 2 [ ^ 1 (79) 



W kh = TT W° ^(167r 2 a't)-^ 2 V (2tt)' 24 e- R2t ^ a ' . (80) 

, _n JO 2t 



Combining with the contributions from the free Dirichlet and Neumann scalars, we obtain: 

p L »r dt 

In the presence of the background magnetic field, the corresponding result is: 

B Type I-I' String Theory in an Electromagnetic Back- 
ground 

The derivation of the gauge invariant measure for moduli given in Appendix A can be easily extended 
to the case of the supersymmetric unoriented open and closed string theories, type I and type I' 
string theory [10, 33]. We begin with the contribution from worldsurfaces with the topology of an 
annulus in the presence of a background electromagnetic field, and in the background spacetime 
geometry of a pair of Dpbranes separated by a distance R. The first principles derivation of the 
result for the annulus was derived in [35]. We will also derive the results for the sum over unoriented 
world-surfaces with the topology of a Mobius strip, and a Klein bottle, in the discussion that follows 
below. Beginning with the annulus: 



W 



^JqJo 2,t iv3\\{ita,' 



it) 

oo oo/ , \ 1 / \ 3 

xn II (detann-iA 1 1 ) I det ann _! A 1 1 ) , (82) 



ri2=0 ni=— oo 



"■2+2 : n l+2+ a J V n2+2"; n l-r 2 



where we have included the contribution from worldsheet bosonic fields derived in the previous 
section. 

Let us understand the eigenvalue spectrum of the worldsheet fermions in more detail. Recall 
that the functional determinant of the two-dimensional Dirac operator acting on a pair of Majorana 
Weyl fermions satisfying twisted boundary conditions is equivalent, by Bose- Fermi equivalence, to 
the functional determinant of the scalar Laplacian raised to the inverse power. This provides the 
correct statistics. In addition, we have the constraint of world-sheet supersymmetry. This requires 
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that the four complexified Weyl fermions satisfy identical boundary conditions in each sector of the 
theory in the a 1 direction. For a complex Weyl fermion satisfying the boundary condition: 

■ l p(l } a 2 )= -e nia ip(0,a 2 ) 

#r\l)= -e™W,0) , (83) 
the Bose-Fermi equivalent scalar eigenspace takes the form: 



* 1 1 

"2+2 :™l+2 (l + a ) 



1 e27rl( „ 2 + I (1± 5)) CT2cos7r( 



|(1 ± a)) 



$4) 



where we sum over — oo<n 2 <oo, rii>0. Notice that the unrotated oscillators are, respectively, half- 
integer or integer moded as expected for the scalar equivalent of antiperiodic or periodic worldsheet 
fermions. Finally, we must sum over periodic and antiperiodic sectors, namely, with a, b equal to 0, 
I. As reviewed in the appendix, weighting the (a, b) sector of the path integral by the factor e mab 
gives the following result for the fermionic partition function [33]: 



ZZ(a,q) 



Q 



o<i 2 — 4a „Tiab 



n 



'X _|_ e -xibqin-j(l-a)+a 



)(1 + e -^g m -2( 1+a )- Q ) 



oTTta 



l rj(it) 



m=l 

Q ab (ait,it) 



(85) 



We have included a possible rotation by a or 1—a as in the previous section. This applies for the 
Weyl fermion partnering the twisted complex worldsheet scalar. Substituting in the path integral, 
and summing over a, 6=0, 1, for all fermions, and over a and 1—a for the Weyl fermion partnering 
the twisted complex scalar, gives the result: 



Wann-I 



p-2 
fj,=0 



-(8n 2 a't)-^ 2 e- R2t ^ a ' x L(it)- 6 
o 2t 



-.nta' 



rj(it) 



Qn(ita, it) 



x 



Q 00 (ita,it) / ©oo(0, it)\ Q i(ita,it) / ©oi(0, it)\ Qi (ita,it) / ©io(0, it)\ 



nta 2 



r)(it) \ r)(it) 



r)(it) \ rj(it) 



oTrta 2 



r)(it) \ rj(it) 



(86) 

where we have used the fact that 0n(O, it) equals zero. The factor within curly brackets is the con- 
tribution from world-sheet bosons; that within square brackets in the second line of the expression 
is the contribution from world-sheet fermions. 

Likewise, we can write down the corresponding results for the sum over worldsurfaces with the 
topology of Mobius strip or Klein bottle by invoking Bose-Fermi equivalence, and by using the 
appropriate twisted cylinder eigenspaces. The detailed derivation is outlined in appendix C. For 
the Mobius strip we have the result: 



W, 



mob— I 



p-2 

n 

xl 



dt 



o 2t 
rj(2it) 



(16ttV0 



-(p-l)/2 e -R 2 t/n a ' x 



n 2-Kta 2 



7}{2it) 



2irta 2 



?](2it) 



oo (O,2it) J l Q 00 (2ita,2it) J 



x 



[r,m] ~ l e u (2<to,2ft) J J 

Q 01 (2ita, 2it) G 10 (2ita, 2it) 



D 2nta 2 



X 



'©oi(o,2iov fe 10 (o,2ity 



2-Kta 2 q 
3 



< ijVlil) 



rj(2it) 



rj(2it) 



r)(2it) 



' 9x0(0, 2Et) V ( Q 01 (0,2ity 
^ V (2it) ) { V (2it) , 



.(87) 
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We have used the fact that 0n(O, 2ii) vanishes. The factor within curly brackets in the first line 
of this expression is the contribution from the eight transverse bosonic modes, in the presence of 
the electromagnetic background. The second, and third, lines of the expression are the contribu- 
tions from the worldsheet fermions. Notice that the Ramond-Ramond, and Neveu-Schwarz-Neveu- 
Schwarz, sectors give identical contributions of opposite sign. 



The corresponding result for the Klein bottle is: 
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For simplicity, setting a—0, let us write down the result for the sum over connected one-loop 
vacuum graphs in the Dpbrane background geometry, but without an electromagnetic field. The 
sum over worldsurfaces with the topology of a torus decouples from the sum over worldsurfaces with 
boundary and/or crosscap, since it is insensitive to the Dpbranes. It also vanishes as a consequence 
of the unbroken spacetime supersymmetry. The sum over unoriented connected worldsurfaces with 
vanishing Euler character in type I(I') string theory in the background of a pair of parallel and 
static Dpbrane stacks, each with N coincident Dpbranes, takes the form: 
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(89) 



where we have used the fact that tMS=2t a nn, ^KB=2t a nn- 0n(O,i£) vanishes as a consequence of 
the zero mode in the Ramond-Ramond sector for worldsheet fermions [33]. Wj vanishes as a 
consequence of target spacetime supersymmetry, as can be seen by use of the abstruse identity 
relating the Jacobi theta functions in the zero external field annulus, and Klein bottle, amplitudes 
[33] ; notice that the Mobius strip gives a vanishing contribution even in the presence of the external 
field. The generalization of Eq. (89) in the presence of an external electromagnetic field is obtained 
by combining the expressions in Eqs. (86), (87), and (88). 

It is important to understand that in the type I vacuum with iV=32 Dpbranes, the vanishing 
of the one-loop vacuum amplitude in zero external field can also be understood as a consequence 
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of reasons having nothing whatsoever to do with target spacetime supersymmetry. 8 As has been 
stressed by Polchinski [15, 2, 3, 33], the number of Dpbranes is fixed to be 32 by the requirement 
of Ramond-Ramond sector tadpole cancellation: N — 2 5 =0, ensuring the absence of a propagating 
unphysical Ramond-Ramond state. The latter fact was first noted in [15]. In order to see this, 
note that the factor within curly brackets in lines 2-4 of the expression in Eq. (89) is the partition 
function of the worldsheet superconformal field theory (SCFT) on the strip of length 2t, with 
appropriate orientation projection on the spectrum in the case of the Mobius strip and Klein bottle 
contributions, as explained above. Expanding in powers of e~ 2nt yields the so-called g-expansion 
of the partition function of the boundary SCFT. The leading terms of order e wt vanish, a precise 
cancellation indicating the absence of target spacetime tachyons in the open string mass spectrum. 
The next order, q°, counts the number of massless target spacetime bosons and target spacetime 
fermions, contributing with opposite signs to the one-loop string vacuum functional. If we collect 
the contributions at this order from target spacetime bosons alone, namely, the 0(q°) term in 
the NS-NS sector of the annulus, Mobius strip, and Klein bottle amplitudes, we find a precise 
cancellation because the overall numerical coefficient vanishes when N=2 5 [15, 3, 33]: 



Wl(NS-NS) = |(iV-2 5 ) i 



(SttV)" (P+1)/2 f°° dtt-W 2 e- B?t ' 2 * Q ' fl6 + 0(e^)] , (90) 



and where W^r-r) is an expression that takes identical form, but with opposite overall sign [15, 
3, 33]. Finally, we should note that the contribution from the annulus amplitude to W\ from the 
NS-NS sector alone, namely, from just target spacetime bosons, carries the significant information 
about the charge of the Dirichlet-pbrane [2]. This is explained at length in section 2.3. 



C Zeta-function Regularization of Infinite Sums 

The regularization of a divergent sum over the discrete eigenvalue spectrum of a self-adjoint dif- 
ferential operator by the zeta function method can always be carried out in closed form when the 
eigenvalues are known explicitly [4]. This is the case for all of the infinite sums encountered in 
one-loop string amplitudes [1, 33, 34]. We illustrate the basic method with a review of Polchinski's 
calculation of the zeta- regularized functional determinant of the scalar Laplacian on the torus [1]: 
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The ni=n2=0 term has been included in the infinite sum by introducing an infrared regulator mass, 
m, for the zero mode. We will take the limit m^O at the end of the calculation. Following Hawking 
[4], we begin by expressing the first term in Eq. (91) in the equivalent form: 
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ri2,Jli=— OO 



8 This is the basic observation used by us in recent works [38, 39] in arriving at an expression for the free energy of 
the canonical ensemble of type I strings: target spacetime supersymmetry is broken by the introduction of thermal 
phases in the finite temperature vacuum. But the one-loop string free energy nevertheless vanishes as a consequence 
of R-R sector tadpole cancellation alone. 
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Notice that the infinite sums are manifestly convergent for Re s > 1. The required s — > limit can 
be obtained by analytic continuation in the variable s. The analogous step for the second term in 
Eq. (91) yields the relation: 

d A7r 2 m 2 

m~0 s~6 d,S To ° "* rn~*0 ' 



+ Urn lim — [ ^ 2 ]~ s = 2 log r 2 - Una 2 log (2vrm) . (93) 



The finite term in this expression contributes the overall factor of rf to the result given in Eq. (53). 

The infinite summation over n 2 is carried out using a Sommerfeld- Watson transform as in [1]. 
We invoke the Residue Theorem in giving the following contour integral representation of the infinite 
sum as follows: 

00 —s r dz —s 

E [n 2 + x 2 ] S =f —ncot(nz)(z 2 + x 2 ) S , (94) 

n=-oo JJ2 n Cn 

where C n is a small circle enclosing the pole at z=n in the counterclockwise sense. The contours 
may be deformed without encountering any new singularities into the pair of straight line contours, 
C±, where the line C + runs from oo+ie to — oo+ie, connecting smoothly to the line C_, which runs 
from — oo— ie to oo— ie. 

Alternatively, we can choose to close the contours, C±, respectively, in the upper, or lower, half- 
planes along the circle of infinite radius. Note that the integrand has additional isolated poles in 
the complex plane at the points z=±ix. We will make the following substitution in the integrand: 

Cot(7r^) 2e* 
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when the contour is to be closed, respectively, in the upper, or lower, half-plane. This ensures that 
the integrand is convergent at all points within the enclosed region other than the isolated poles. 
Thus, we obtain the following alternative contour integral representation of the infinite sum over 
ri2, setting x 2 =n\T 2 +m 2 : 
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Note that the contours are required to avoid the branch cuts which run, respectively, from +ix to 
+ioo, and from — ix to — ioo. Let us evaluate these integrals as before. The constant pieces from 
the square brackets in Eq. (96) combine to give: 



h{s,x) = \(^j c dz- jf dz^j {{z - n in ) 2 + x 2 )- s = x - 2s+l j°° du{l + u 2 y 



(97) 



The integral simply yields the beta function, B(^,s — |). Taking the s-derivative followed by the 
s=0 limit gives, 

l im d-2 S+ i B n s _ i) = lim A. i x -2s+i s _^M r ^ _ s)r(s _ i) = _ 21TX . (98) 
s^ods 2 2 s-^ods 2 0r 
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Substituting for x —nfr^+m , and taking the m=0 limit, gives 

OO -y 

-AirT 2 V ni - 2-k lim m = - 47rr 2 C(-l) = 27tt 2 B 2 (0) = -ttt 2 , (99) 

— ' rrt-+0 3 

m=i 

where we have used B 2 (q)=q 2 — q+h- 

Next, we tackle the non-constant pieces from the square brackets in Eq. (96). It is helpful to 
take the s-derivative and the s — > limit prior to performing the contour integral. We begin with 
the contour integral in the upper half-plane: 



Hx,s)= y c+ dz — _ ^ ((z - win) 2 + x 2 ) ' 

-2sm(ns)j^ dy — — — ((y + mm) 2 - x 2 ) ' . (100) 



Taking the derivative with respect to s, and setting s—0, gives: 

-h(x,s) \ 3=0 = -2it / dy- 
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The C_ integral gives an identical contribution since, 

r e -iirz 
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Upon taking the s-derivative, and setting s—0, we get the same result as in Eq. (100): 
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Combining all of the contributions to S t0 r gives the following result in the m-^0 limit: 

7TT 2 
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ni=l 



Star = — r 2 - + 4 V log|l - e 2niniT \ - lim [vrm + 2 log(27rm) - 21og(l - e" 2 ™)l , (104) 



Notice that the divergent terms in the m^0 limit cancel as is seen by Taylor expanding the logarithm 
in the last term. 

Combining with the result from Eq. (93) gives Polchinski's result for the functional determinant 
of the scalar Laplacian on the torus: 
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where q=e 2mT . 
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C.l Annulus: Twisted Complex Scalar Eigenspectrum 

The eigenspectrum of the scalar Laplacian on a surface with boundary includes a dependence on an 
electromagnetic background, reflected as a twist in the boundary conditions satisfied by the scalar. 
As an illustration, let us work out the functional determinant of the scalar Laplacian for worldsheets 
with the topology of an annulus. The case of the Mobius strip and Klein bottle are simple extensions 
which do not introduce any significant new feature into the nature of the infinite summation. Since 
the required sums only differ in the choice of "twist" , the results can be straightforwardly written 
down given the result for the annulus with generic twist a. 

Begin with the eigenspectrum on the annulus. In the case of the free Neumann scalars, we must 
introduce an infrared regulator mass for the zero mode, as shown in the case of the torus. The 
functional determinant of the Laplacian can be written in the form [34]: 
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The first term in Eq. (106) is a special case of the infinite sum with generic twist, a, and the zeta- 
regulated result can be obtained by setting a=0 in the generic calculation which will be derived 
below. The second term in Eq. (106) yields the result: 

d A7T 2 Tfl 2 

+ lim lim — [— — ]- s = 2 log 2t - lim -2 log (2nm) . (107) 

m— >0 s^O ds At m— »0 

This contributes the correct power of 2t to the measure of the path integral for a free Neumann 
scalar [34]. For the Dirichlet scalar, we must remember to drop the ni—0 modes from the double 
sum above since the sine eigenfunction vanishes for all values of a 1 , not only at the boundary. Thus, 
the ni summation begins from ni—1. 

Now consider the case of the twisted Neumann scalar. There is no need to introduce an infrared 
regulator in the presence of a magnetic field since there are no zero modes in the eigenvalue spectrum. 
Thus, the analysis of the infinite eigensum is similar to that for a Dirichlet scalar, other than the 
incorporation of twist. We begin with: 

j 2 oo/ oo _ 

5ann = -lim -[-]- s £ £ [n 2 + (m + a) V)] "* , (108) 

flS 1 n 2 =-oon 1= l 

and identical statements can be made about its convergence properties as in the previous subsection. 
The i%2 summation in S ann is carried out using a contour integral representation identical to that 
in Eq. (96) except that x—(ni + a)t. The ri\ summation following the analog of Eq. (96) can be 
recognized as the Riemann zeta function with two arguments, 

oo 

(ni + a)- 2s+1 t~ 2s+1 = C(2s-l,a)r 2a+1 . (109) 

m=o 

Taking the s-derivative followed by the s=0 limit gives, 
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Substituting the relation ((—n,q)——B' n+2 (q)/(n + l)(n + 2), and combining the contributions for 
q—a, and 1—a, gives: 
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(111) 



where we have used B' n (q)=nB n _i(q) , and B 2 (q)=q 2 — q+\- 

Next, we tackle the non-constant pieces from the square brackets in the analog of Eq. (96). It 
is helpful to take the s-derivative and the s — > limit prior to performing the contour integral. We 
begin with the contour integral in the upper half-plane: 
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Taking the derivative with respect to s, and setting s—0, gives: 
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The C_ integral gives an identical contribution as before. Combining the contributions to S ann from 
terms with a=(p/n, and 1—a, respectively, gives the following result in the m— >0 limit: 
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The result for the functional determinant of the Laplacian acting on a twisted complex scalar takes 
the form: 
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where q=e . The result can be expressed in terms of the Jacobi theta function as follows: 



7 2 24 8 



-2?Sin(7rto/2) 



oo 

n [(1 -q ni - a ){l-q ni+a ) 



nta z 



r]{it) 



ni=l 



0n (ita,it) 



(116) 



with a— (bin. 



Setting a=0 in this expression, and combining with the result in Eq. (107), gives the functional 
determinant of the Laplacian acting on a free Neumann scalar: 
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where g=e 27rt . The expression for the Dirichlet determninant is identical except for the absence of 
the overall factor of 1/2*. 
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C.2 Mobius Strip: Twisted Complex Fermion Eigenspectrum 



As a final illustration, we work out the contribution from worldsheet fermions to the Mobius strip 
amplitude for type I string theory in a background magnetic field. As explained in the text, we 
must identify the scalar eigenspace inferred by application of Bose-Fermi equivalence. Under the 
action of Q, the eigenspace in the (a, b) fermionic sector of the theory for the corresponding complex 
scalar takes the form: 
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where we will set a equal to (p/n, and 1— (fi/n. Note that eigenfunctions of odd (even) mass level 
are weighted differently in the trace. The corresponding eigenvalues are: 
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where — oo<n 2 <oo, and CKn^oo. We will compute the product over both sets of eigenvalues and 
then take the square root of the result. This gives: 
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Denoting 0/7T by a, this gives the results: 
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Thus, allowing for the phase in front of each contribution, the contribution to the Mobius strip 
amplitude from four complex worldsheet fermions, one of which is twisted, takes the form: 
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where a denotes (p/ir. 



D Off-shell Propagator of a Closed String 

Let us return to our review in appendix A. 2 of the contribution to the one-loop amplitude of 
bosonic open and closed string theory from world-surfaces with the topology of a cylinder. From 
the perspective of the closed string channel, this graph represents the tree-level propagation of a 
single closed string, exchange between a spatially-separated pair of Dpbranes. A crucial observation 
is as follows: although the Dpbrane vacuum corresponds to a spontaneous breaking of translation 
invariance in the bulk 25— p dimensional space orthogonal to the pair of Dpbranes, notice that 
spacetime translational invariance is preserved within the p+l-dimensional worldvolume of each 
Dpbrane. 

It is interesting to ask whether it is possible to modify this calculation such that all 26 spacetime 
translation invariances are broken. We emphasize that we ask this question not only for the point- 
like boundary limit of the annulus graph, but for the annulus with macroscopic boundary loops. 
The former limit with pointlike boundaries corresponds to the tree-level exchange of a closed string 
between a pair of Dinstantons: their worldvolumes are spacetime points, and each boundary of the 
annulus is therefore mapped to a point in the embedding 26d spacetime. The latter case corresponds 
to a genuinely new worldsheet amplitude, and the corresponding analysis of the covariant string 
path integral brings in many new features, first described in [9, 35]. 

It is convenient to align the macroscopic loops, Cj, C/, which we will choose to have the common 
length L, such that their distance of nearest separation, R, is parallel to a spatial coordinate, call 
it X 25 . As in appendix A. 2, the Polyakov action contributes a classical piece corresponding to 
the saddle-point of the quantum path integral: the saddle-point is determined by the minimum 
action worldsurface spanning the given loops Cj, C/. The result for a generic classical solution of 
the Polyakov action was given in [9]. For coaxial circular loops in a flat spacetime geometry, we 
have a result identical to that which holds for a spatially separated pair of generic Dpbranes in flat 
spacetime, namely: 

SAG, 9} = ^j d 2 *V99 ab G 25 > 25 (X)d a X 25 d b X 25 = ^RH . (123) 

Notice, in particular, that there is no L dependence in the saddle-point action as a consequence of 
the Dirichlet boundary condition on all 26 scalars. The metric on the annulus is parameterized as 
before by a single real worldsheet modulus, t, and it takes the form: 

ds 2 = e^dda 1 ) 2 + 4t 2 (da 2 ) 2 ), y/g = e*2t, < t < oo , (124) 

with worldsheet coordinates, a a , a—1, 2, parameterizing a square domain of unit length. 2t is the 
physical length of either boundary of the annulus, as measured in the two-dimensional field theory. 
As in the case of the Dinstanton, we will evaluate the determinant of the scalar Laplacian for all 
26 embedding coordinates with the Dirichlet boundary condition. In addition, we should note that 
there is no contribution from coordinate zero modes, since all of the X M are Dirichlet. Thus, the 
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usual box-regularized spacetime volume dependence originating in the Neumann sector is absent, 
precisely as in the vacuum of a pair of Dinstantons. The analog of Eq. (57) reads: 

1 = J d5Xe-\\ &x \ 2 = J d5X'e-\ 5x '\ 2 ' 2 . (125) 

The crucial difference in the path integral computation when the boundaries of the annulus 
are mapped to macroscopic loops in embedding spacetime has to do with the implementation 
of boundary reparametrization invariance: we must include in the path integral a sum over all 
possible maps of the worldsheet boundary to the loops Cj, Cf [9]. Notice that the analysis of 
reparametrization invariance in the bulk of the worldsheet is unaltered. As a consequence, the 
conditions for Weyl invariance, and for the crucial decoupling of the Liouville mode, are unchanged. 
The path integral computation we are about to perform simply yields the one-loop amplitude of 
the open and closed bosonic string theory in a distinct vacuum. We will understand the nature of 
the new boundary state characterizing this vacuum in a moment. 

Let us proceed with the analysis of the measure following the steps in appendix A. 2. The dif- 
ferential operator mapping worldsheet vectors, 5cr a , to symmetric traceless tensors, usually denoted 
{PiSa) a b, has only one zero mode on the annulus. This is the constant diffeomorphism in the di- 
rection tangential to the boundary: 5<Jq. The analysis of the diffeomorphism and Weyl invariant 
measure for moduli follows precisely as for the annulus [34]. The only difference is an additional 
contribution from the vector Laplacian, accounting for diffeomorphisms of the metric which are 
nontrivial on the boundary [9]. The analog of Eq. (58) now takes the form: 

1= Jdejd 9 dXe-b^-b^-^ 
= (detQ 22 r 1/2 J d 2 a^/g(det'J) 1/2 (det'A4) 1/2 J {d^dSaydtdX'e'^-^-^^ 

(126) 

where (detQ 22 ) = 2i in the critical dimension, cancelling the factor of 2t arising from the normal- 
ization of the integral over the single real modulus. As shown in [34], the functional determinant 
of the vector Laplacian acting in the worldsheet bulk takes the form: 

-) = -(2t)- 1 det'A = l(2t)- 1 TT II "W* > ( 127 ) 

' «2=— °o ni=— 00 

and the infinite product is computed precisely as in appendix A. 2. The functional determinant of 
the operator J can likewise be expressed in terms of the functional determinant of the Laplacian 
acting on free scalars on the one-dimensional boundary, parametrized here by a 2 [9]. Thus, for 
boundary length 2t, we have Ab=(2t)~ 2 d 2 , with eigenspectrum: 

^n 2 = ^n 2 2 , * n2 = J= e 2 ™- 2 , (128) 

where the subscripts take values in the range — oo<n 2 <oo. 

Thus, the connected sum over worldsurfaces with the topology of an annulus with boundaries 
mapped onto spatially separated macroscopic loops, C i? C/, of common length L takes the form 
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[9, 35]: 

Aij = [L- 1 (47r 2 a') 1/2 ] / o °° j t ■ (2t)^ 2 ■ rj(it)- 24 e- R2t ^ a ' . (129) 

The only change in the measure for moduli is the additional factor of (2t) 1//2 contributed by the 
functional determinant of J . The pre-factor in square brackets is of interest; recall that there is 
no spacetime volume dependence in this amplitude since we have broken translational invariance in 
all 26 directions of the embedding spacetime. If we were only interested in the point-like off-shell 
closed string propagator, as in [9], the result as derived is correct without any need for a pre-factor. 9 
However, we have required that the boundaries of the annulus are mapped to loops in the embedding 
spacetime of an, a priori, fixed length L. Since a translation of the boundaries in the direction of 
spacetime parallel to the loops is equivalent to a boundary diffeomorphism, we must divide by the 
(dimensionless) factor: L(47r 2 o; / ) _1 / 2 . This accounts for the pre-factor present in our final result. 
Note that for more complicated loop geometries, including the possibility of loops with corners, the 
pre-factor in this expression will take a more complicated form. 
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